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Abstract

We prove that a positive proportion of integers are expressible as the sum of two rational
cubes, and a positive proportion are not so expressible. More generally, we prove that a positive
proportion (in fact, at least one sixth) of elliptic curves in any cubic twist family have rank 0,
and a positive proportion (in fact, at least one sixth) of elliptic curves with good reduction at 2
in any cubic twist family have rank 1.

Our method involves proving that the average size of the 2-Selmer group of elliptic curves in
any cubic twist family, having any given root number, is 3. We accomplish this by generalizing a
parametrization, due to the second author and Ho, of elliptic curves with extra structure by pairs
of binary cubic forms. We then count integer points satisfying suitable congruence conditions on
a quadric hypersurface in the space of real pairs of binary cubic forms in a fundamental domain
for the action of SL2(Z)×SL2(Z), using a combination of geometry-of-numbers methods and the
circle method, building on earlier work of Ruth and the first author. We give a new interpretation
of the singular integral and singular series arising in the circle method in terms of real and p-adic
integrals with respect to a natural (SL2 × SL2)-invariant measure. A uniformity estimate and
sieve then shows that the average size of the 2-Selmer group over the full cubic twist family is 3.
After suitably partitioning the subset of curves in the family with given root number, we execute
a further sieve to show that the root number is equidistributed and that the same average, now
taken over only those curves of given root number, is also 3. Finally, we apply the p-parity
theorem of Dokchitser–Dokchitser and a p-converse theorem of Burungale–Skinner to conclude
the proof.
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1 Introduction

It has long been known which numbers can be expressed as the sum of two rational squares. As
was first observed by Girard in 1625 and Fermat in 1638, and finally proven by Euler in 1749 [16,
pp. 227–231], they are those positive integers whose prime factorizations have all primes that are
congruent to 3 (mod 4) occurring with even exponent. Nowadays, this can also be deduced from
the Hasse–Minkowski local-global principle for quadratic forms. Using this precise description, we
see that a density of 0% of integers are the sum of two rational squares. Moreover, an integer is the
sum of two rational squares if and only if it is the sum of two integer squares.

In contrast, the integers that are the sum of two rational cubes do not seem to follow any simple
pattern:

1, 2, 6, 7, 8, 9, 12, 13, 15, 16, 17, 19, 20, 22, 26, 27, 28, 30, 31, 33, 34, 35, . . .

It is conjectured that these integers have positive density; indeed, based on predictions of Gold-
feld [19], Katz–Sarnak [24], and Bektemirov–Mazur–Stein–Watkins [4], it is natural to conjecture
that the integers that can be expressed as the sum of two rational cubes should have natural density
exactly 1/2. However, it has not previously been known whether this density is even greater than 0
or even less than 1.

Unlike the case of the sum of two rational/integer squares, it is possible for an integer to be the
sum of two rational cubes but not the sum of two integer cubes, the smallest example being

6 =

(
17

21

)3

+

(
37

21

)3

.

In fact, it is easy to see that the integers that can be expressed as the sum of two integer cubes
have density zero.1

The purpose of this paper is to prove that the density of integers expressible as the sum of
two rational cubes is strictly positive and strictly less than 1. We note that there is never any
local obstruction for an integer to be the sum of two rational cubes, so proving this theorem must
necessarily involve global arguments.

1.1 Main results

We prove the following theorem:

Theorem 1.1. When ordered by their absolute values, a positive proportion of integers are the sum
of two rational cubes, and a positive proportion are not.

More precisely, we prove that

lim inf
X→∞

# {n ∈ Z : |n| < X and n is the sum of two rational cubes}
# {n ∈ Z : |n| < X}

≥ 2

21
(1.1)

and
lim inf
X→∞

# {n ∈ Z : |n| < X and n is not the sum of two rational cubes}
# {n ∈ Z : |n| < X}

≥ 1

6
. (1.2)

In fact we will prove the stronger claim that among the cubic twists x3 + y3 = nz3 of the Fermat
cubic, at least 1/6 of twists have rank 0 and at least 2/21 have rank 1.

1If |x3 + y3| = |x+ y| · |x2 −xy+ y2| ≤ X with |x| ≥ |y|, then |x+ y| ≪ X/|x|2; hence the number of (x, y) ∈ Z×Z
with 0 ̸= |x3 + y3| ≤ X is ≪

∑
|x|≪X1/3 X

1/3 +
∑

X1/3≪|x|≪X1/2 X/|x|2 ≪ X
2
3 .
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More generally, we consider general families of cubic twists of elliptic curves. Any cubic twist
family of elliptic curves over Q takes the form Ed,n : y2 = x3 + dn2, where d ∈ Z is fixed and n ∈ Z
varies. Since the elliptic curve x3+y3 = n can be expressed in Weierstrass form as y2 = x3−432n2,
the family of twists of the Fermat cubic corresponds to the case d = −432.2

We prove the following generalization of Theorem 1.1.

Theorem 1.2. Fix d ̸= 0. Then, when n varies ordered by |n|, at least 1/6 of the elliptic curves
in the cubic twist family Ed,n : y2 = x3 + dn2 have rank 0, and at least 1/6 of the elliptic curves
Ed,n with good reduction at 2 have rank 1. In particular, if the squarefree part of d is congruent to
1 (mod 4), then a proportion of at least 1

212
r−1 of the curves Ed,n have rank 1, where r is the least

residue of v2(d)/2 modulo 3.

We prove Theorem 1.2 via a determination of the average size of the 2-Selmer group of elliptic
curves (satisfying any finite—or any acceptable infinite—set of congruence conditions) in a cubic
twist family. Let us say that a subset Σ ⊂ Z is acceptable if it is defined by congruence conditions
modulo prime powers, where for sufficiently large p, the congruence conditions include all integers
with p-adic valuation at most 1. Then we prove the following theorem.

Theorem 1.3. Fix d ̸= 0, and let Σ ⊂ Z be any acceptable subset. Then, when n ∈ Σ varies ordered
by |n|, the average size of Sel2(Ed,n) is 3.

It follows immediately from Theorem 1.3 that the average rank of elliptic curves in the cubic
twist family Ed,n (n ∈ Σ) is bounded. Indeed, since rkEd,n ≤ 2rkEd,n−1 ≤ 1

2#Sel2(Ed,n), it follows
that the average rank of Ed,n is less than 3

2 = 1.5.
This bound on the average rank can be improved via an analysis of root numbers. Indeed, for

any fixed d ̸= 0, we prove that the set of n such that the elliptic curve Ed,n has a given root number
is a countable union of acceptable sets. Moreover, a density of 1/2 of elliptic curves Ed,n have root
number +1 and 1/2 have root number −1.

Theorem 1.4. Fix d ̸= 0. The density of elliptic curves in the cubic twist family Ed,n that have root
number +1 (resp. −1) is 1/2. The average size of the 2-Selmer group of just those elliptic curves
Ed,n having root number +1 (resp. −1) is 3.

Theorems 1.1 and 1.2 are deduced from Theorem 1.4, using the p-parity theorem of Dokchitser–
Dokchitser [17]3 and the p-converse theorem of Burungale–Skinner in the Appendix. See §2 for more
details.

Theorem 1.4 also implies the following bounds on (the limsup and the liminf of) the average
rank of elliptic curves in cubic twist families:

Theorem 1.5. Fix d ̸= 0, and let Σ ⊂ Z be any acceptable subset. The average rank in the cubic
twist family of elliptic curves Ed,n (n ∈ Σ) is at most 4/3. Furthermore, if the squarefree part of
d is congruent to 1 (mod 4), then the average rank in the cubic twist family of elliptic curves Ed,n

(n ∈ Z) is at least 1
212

r−1, where r is the least residue of v2(d)/2 modulo 3.

Theorem 1.5 shows, for the first time, the boundedness (and, in many cases, the positivity) of
the average rank in cubic twist families. The question of the boundedness of the average rank in
twist families of elliptic curves has been studied extensively. The unique sextic twist family was

2Note that Ed,n and E−27d,n are 3-isogenous, so their ranks (and 2-Selmer ranks) agree.
3Many important cases of the p-parity theorem were proved by Kim [25] and by Nekovář [33]; in fact, we only use

the case p = 2 which was proved by Monsky [30].
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handled by Elkies and the second and third authors [6]. The quadratic case has been studied by
many authors (see, e.g., [20, 36, 42, 10, 45, 22, 26]), and most recently by Smith [44], whose work
covers most quadratic twist families. Meanwhile, significant progress on the unique quartic twist
family was made by Kane and Thorne [23].

1.2 Variations and related results

One may also ask which positive integers can be expressed as the sum of two positive rational cubes.

Theorem 1.6. A positive proportion of positive integers are expressible as the sum of two positive
rational cubes, and a positive proportion are not.

Indeed, the same lower bounds on the proportions as in (1.1) and (1.2) hold for Theorem 1.6: if an
elliptic curve over Q has positive rank, then the rational points are dense in the real component of
the identity; thus if a non-cube positive integer n is the sum of two rational cubes, then it is also
the sum of two positive rational cubes, because the elliptic curve x3+y3 = n then has positive rank
and possesses an arc of real points in the positive quadrant.

Our methods also imply the following result about integers that are the product of three rational
numbers in arithmetic progression:

Theorem 1.7. A positive proportion of integers are expressible as the product of three rational
numbers in arithmetic progression, and a positive proportion are not.

Again, by the same arguments, the same lower bounds on the proportions in Theorem 1.7 hold as in
(1.1) and (1.2); and the same lower bounds on the proportions hold for the set of positive integers
that are the product of three positive rational numbers in arithmetic progression.

More generally, our results imply that a positive proportion of integers cannot be represented
by any given reducible binary cubic form over Q.

Theorem 1.8. Let f(x, y) be any binary cubic form over Q with a linear factor. Then, when ordered
by absolute value, a positive proportion of integers cannot be expressed as f(x, y) with x, y ∈ Q.
Furthermore, if the squarefree part of Disc(f) is 1 (mod 4), then a positive proportion of integers
can be expressed as f(x, y) with x, y ∈ Q.

Theorems 1.1 and 1.7 are the special cases of Theorem 1.8 where we set f(x, y) = x3 + y3 and
f(x, y) = x(x + y)(x + 2y), respectively. Theorem 1.8 follows from Theorem 1.2, since the elliptic
curve f(x, y) = n is isomorphic to the curve Ed,n where d = 16Disc(f).

When f(x, y) is irreducible, the curve f(x, y) = nz3 is not necessarily an elliptic curve, as it
then often fails to even have local points. Indeed, in the irreducible case, the density of integers n,
such that f(x, y) = n has points everywhere locally, is 0. More precisely:

Theorem 1.9. Let f(x, y) be an irreducible binary cubic form over Q. The number of integers n
with |n| < X such that the curve f(x, y) = n has points everywhere locally is on the order of either
X/ log1/3X or X/ log2/3X, depending on whether Disc(f) is or is not a square.

Indeed, for sufficiently large p, the curve f(x, y) = n fails to have a solution over Qp precisely when
vp(n) is not a multiple of 3 and f(x, y) is irreducible (mod p). By the Chebotarev density theorem,
the density of primes p such that f(x, y) is irreducible (mod p) is 2

3 or 1
3 , depending on whether

the Galois group of f is C3 or S3. The theorem then follows from standard counting results of
Selberg–Delange type (e.g., Theorem 9.1).
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In cases where it does have points locally, it is natural to ask how often the curve f(x, y) = n
has a global rational point. The genus one curve f(x, y) = n naturally corresponds to an element
of the “

√
−3-Selmer group” of Ed,n, where again d = 16Disc(f). Indeed, the cubic twist families

Ed,n : y2 = x3 + dn2 have traditionally been studied via the Selmer groups associated to a natural
isogeny

√
−3 : Ed,n → E−27d,n defined over Q.

This approach allows one to determine the 3-Selmer group of any such curve. In 1879, Sylvester
[46, §2] (see also Selmer [38]) used this

√
−3-descent to show that the 3-Selmer rank of x3 + y3 = p

for p a prime is 0 if p ≡ 2, 5 (mod 9) and is 1 if p ≡ 4, 7, 8 (mod 9). This proved that primes
p ≡ 2, 5 (mod 9) are not the sum of two cubes, and led Sylvester to conjecture that primes p ≡
4, 7, 8 (mod 9) are the sum of two cubes, a proof of which was recently announced by Kriz [27].

However, the
√
−3-Selmer group is not so useful in studying x3 + y3 = n for general integers n,

as the size of the
√
−3-Selmer tends to grow with the number of prime factors of n. For any fixed

nonsquare d ∈ Z, we show that the average number of such curves f(x, y) = n locally having a
point grows with |n|.

Theorem 1.10. Suppose d ∈ Z is not a square. Then avgn#Sel3(Ed,n) = ∞.

Since the average rank of Ed,n remains bounded by Theorem 1.2 as n varies, we conclude that
for most cubic twist families, the average size of X(Ed,n)[3] is unbounded.

Corollary 1.11. Suppose d ∈ Z is not a square. Then avgm#X(Ed,n)[3] = ∞.

In [1], we proved a similar but less extreme result for the entire twist family Ek : y2 = x3 + k.
There we found that, for any integer r, a positive proportion of the curves Ek have #X(Ek)[3] > 3r,
but the average size of X(Ek)[3] is still bounded.4

Corollary 1.11 can be reformulated in more concrete terms as follows:

Corollary 1.12. Suppose d ∈ Z is not a square. When binary cubic forms f(x, y) over Z of
discriminant dn2 are ordered by |n|, 100% of the plane curves z3 = f(x, y) that are locally soluble
fail the Hasse principle.

1.3 A higher-dimensional example

We prove Theorem 1.3 in the more general context of cubic twist families of abelian varieties having
a µ3-action, where µ3 is the group of third roots of unity; see Theorem 2.5.

As an application of this more general result, let C : y3 = x4 + ax2 + b be a smooth plane
quartic curve with µ6-action. The quotient C/µ2 is the elliptic curve E : y3 = x2 + ax + b. Let
A = ker(Jac(C) → E) be the Prym surface associated to the double cover. For each n, consider the
cubic twist Cn : ny

3 = x4 + ax2 + b, which admits a double cover to the elliptic curve En : ny
3 =

x2 + ax+ b. We prove:

Theorem 1.13. Let An be the Prym abelian surface corresponding to the genus 3 bielliptic curve
Cn : ny

3 = x4 + ax2 + b. As |n| → ∞, the average rank of An(Q) is at most 3.

The abelian surfaces A were previously studied by the third author and Weiss in [41], where it
was shown that the average rank of the sextic (as opposed to cubic) twists of such an A is bounded,
under the additional assumption that A admits a 3-torsion point. We remark that EndQ(A) is
generically a quaternion ring over Z of discriminant 6, and hence A is generically simple. See also
the recent work of Laga [28], who proves an average rank bound in a universal family of Prym
surfaces.

4In the special case where d is a square, our method for proving Theorem 1.10 does not apply and we are not sure
what to expect for the average size of X(Ed,n)[3].
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2 Sketch of the proofs of Theorems 1.1–1.5

1. Parametrization of 2-Selmer elements of elliptic curves in cubic twist families

To prove Theorems 1.1–1.5, we use a parametrization of 2-Selmer elements in the family of elliptic
curves E(a1, a3) : y

2 + a1xy + a3y = x3 via pairs (F1, F2) of integral binary cubic forms, as studied
by the second author and Ho [8, 9]. The curves E = E(a1, a3) form the universal family of elliptic
curves having a marked rational 3-torsion point. Elements of Sel2(E) can be represented by pairs
(C,D), where C is a genus 1 curve that is locally soluble, i.e., C(Qp) ̸= ∅ for all p, Pic1(C) ≃ E,
and D is a degree 2 divisor on C.

Let V denote the space of pairs of binary cubic forms. We say that a pair (F1, F2) ∈ V (Q) is
locally soluble if the genus one curve z2 = DiscX,Y (xF1(X,Y )− yF2(X,Y )) has points everywhere
locally. Note that the isomorphism class of this curve is invariant under the action of SL2

2(Q) on
V (Q). There are two polynomial invariants A1 and A3 for the action of SL2

2 on V , having degrees
2 and 6, respectively.

Theorem 2.1 ([9, Thm. 4.2]). The elements in the 2-Selmer group Sel2(E) of

E : y2 + a1xy + a3y = x3

are in bijection with SL2
2(Q)-equivalence classes of locally soluble pairs of integral binary cubic forms

having invariants A1 =Ma1 and A3 =M3a3 for some fixed nonzero integer M .

Restricting Theorem 2.1 to the case where A1 = a1 = 0 yields the following corollary.

Corollary 2.2. The elements in the 2-Selmer group Sel2(En) of En : y2 + ny = x3 are in bijection
with SL2

2(Q)-equivalence classes of locally soluble pairs of integral binary cubic forms satisfying
A1 = 0 and A3 =M3n for some fixed nonzero integer M .

The family En above is isomorphic to the family E16,n : y
2 = x3+16n2 from the introduction. To

handle general cubic twist families Ed,n, we first prove a generalization of Corollary 2.2 for En that
gives some flexibility in the local conditions used to define the Selmer group inside H1(Q, En)[2].
We then use the fact that Ed,n : y2 = x3 + dn2 is the d-th quadratic twist of E2d2n, and hence we
have isomorphisms Ed,n[2] ≃ E2d2n[2] and H1(Q, Ed,n[2]) ≃ H1(Q, E2d2n[2]). We prove:

Theorem 2.3. The elements in the 2-Selmer group Sel2(E) of Ed,n : y2 = x3+ dn2 are in bijection
with SL2

2(Q)-equivalence classes of integral pairs of binary cubic forms satisfying certain congruence
conditions with A1 = 0 and A3 =M3n for some fixed nonzero integer M depending only on d.

We prove this result in the more general context of cubic twist families of abelian varieties A
admitting a µ3-action (see Section 3). We assume A carries an ample line bundle L fixed by the
µ3-action and such that the corresponding polarization λ : A → Â has kernel of size 4. For each
such A, we show that there exists an elliptic curve E = E(0, a3) and an isomorphism of central
extensions Θ(L) ≃ Θ(OE(2∞)), where Θ(L) = Aut(L/A) is Mumford’s theta group [32, §23].
(When A is an elliptic curve, this isomorphism comes from quadratic twisting as above, but in
higher dimension quadratic twisting is not helpful.) We use this isomorphism to view elements of
Selλn(An) as elements of H1(Q, En[2]), which we then show correspond to orbits of pairs of integral
binary cubic forms satisfying certain congruence conditions, in a manner that is analogous to the
statement of Theorem 2.3.
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2. The number of SL2(Z)2-orbits on the invariant quadric A1 = 0 with |A3| < X

Theorem 2.3 shows that in order to determine the average size of the 2-Selmer group in a family of
cubic twists Ed,n, where d ∈ Z is fixed and n varies over an acceptable set of integers, we must solve
a certain counting problem. Namely, we must estimate the (weighted) number of G(Z)-orbits on
V (Z) lying on the quadric Y = {A1 = 0} ⊂ V such that |A3| < X and with A3 satisfying certain
congruence conditions. Here, we take G := SL2

2/µ2 to be the group acting faithfully on V .
In this direction, we prove the following result. We say that (F1, F2) ∈ Y (Z) is irreducible if the

corresponding binary quartic form Disc(xF1 − yF2) does not have a linear factor over Q.

Theorem 2.4. Let Σ ⊂ Z be an acceptable subset, let S(Σ) denote the set of y ∈ Y (Zp) such that
A3(y) ∈ Σ, and let Sp(Σ) denote the p-adic closure of S(Σ) in Y (Zp). Let N(S(Σ);X) denote the
number of irreducible G(Z)-orbits of y ∈ Y (Z) such that A3(y) ∈ Σ and |A3(y)| < X. Then

N(S(Σ);X) = X ·
∫
y∈G(Z)\Y (R)
|A3(y)|<1

dy ·
∏
p

∫
y∈Sp(Σ)

dy + OΣ(X
1−c) (2.1)

for an absolute constant c > 0; here, dy is the G(R)-invariant (resp. G(Zp)-invariant) measure
on Y (R) (resp. Y (Zp)) given by dr2 dr3 · · · dr8/(∂A1/∂r1), where r1, . . . , r8 are the coordinates on V .

To prove Theorem 2.4, we use geometry-of-numbers techniques introduced by the second author
in [5] to count these integer points in this unbounded but finite-volume region, along with the
circle/smoothed delta method of Ramanujan–Hardy–Littlewood–Kloosterman–Duke–Friedlander–
Iwaniec–Heath-Brown [20] to restrict the count to integer points on the quadric. This combination
of techniques was first studied by Ruth [37], while a generally applicable method was given by the
first author [2]. We take the method of [2] further in this article in order to carry out this count.

Specifically, in the “main body” of the fundamental domain the circle method is applicable and
we use it to count integral zeroes of our quadratic form in an approximate cube in R8. Meanwhile,
in the majority of the cusp of the fundamental domain, we apply a divisor bound to bound the point
count by something which is sufficiently sharp (because the volume integral for the fundamental
domain converges quickly). Finally, deep in the cusp, we show that the integral points on the
quadric correspond to identity elements of the Selmer group, which can be counted separately.

One novel aspect of our use of the circle method is that we give a new interpretation of the
singular integral and singular series arising in the circle method in terms of real and p-adic integrals
with respect to a natural G-invariant measure dy.

We also prove a generalization of Theorem 2.4 where we allow weighted counts, where the weights
are defined by suitable congruence conditions. The local densities are then computed for general
such weight functions in terms of integrals with respect to this G-invariant measure dy, using our
aforementioned interpretations for the singular integral and singular series.

These expressions for weighted counts in terms of integrals with respect to the real and p-adic
G-invariant measures play a key role, e.g., in the application to average sizes of Selmer groups.

3. The average size of the 2-Selmer group of elliptic curves in cubic twist families

For applications to Selmer groups, we choose the weight function to be the characteristic function
of the locally soluble orbits, weighted appropriately to account for the number of G(Q)-orbits in a
given G(Z)-orbit. The corresponding local densities then take a particularly nice form, allowing us
to combine Theorems 2.3 and 2.4.
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To prove an exact average instead of just an upper bound, we must prove a uniformity estimate
for the number of elements with A1 = 0 and A3 divisible by the square of a large prime. This can
be a difficult problem in general, and in fact its analogue for the larger family y2+ a1xy+ a3y = x3

is not known [9, §8]. We prove a suitable estimate in the case A1 = 0 by using a geometric sieve
for quadrics due to Browning and Heath-Brown [14] in those cases where A3 is a multiple of p2 for
“mod p reasons”; we then use the condition A1 = 0 to construct an A3-preserving transformation
that changes the condition that A3 is a multiple of p2 for “mod p2 reasons” to being so for “mod p
reasons”, thereby reducing to the cases already handled.

Applying the uniformity estimate and a sieve then shows that the average size of the 2-Selmer
group in any cubic twist family Ed,n is 3, even when n varies within acceptable sets in Z. More
generally, we prove:

Theorem 2.5. Let A be an abelian variety over Q with a degree 4 polarization λ : A → Â induced
by a symmetric line bundle L ∈ Pic(A). Suppose the pair (A,L) admits a fixed-point-free µ3-action.
For each nonzero n ∈ Z, let λn : An → Ân be the cubic twist of λ. Let Σ ⊂ Z be any acceptable set.
Then, as |n| → ∞, the average size of #Selλn(An) over n ∈ Σ is 3.

As a special case, we deduce Theorem 1.3.

4. Analysis of root numbers

Theorem 1.3 alone is not sufficient to deduce Theorems 1.1 and 1.2. To proceed further, we carry
out an analysis of the root numbers wd,n ∈ {±1} of the elliptic curves Ed,n. Recall that wd,n is
the sign appearing in the functional equation for the L-function of Ed,n, and the parity conjecture
predicts that (−1)rkEd,n(Q) = wd,n. We prove:

Theorem 2.6. Fix d, and let Σ be any acceptable subset of Z defined by prime-to-3 congruence
conditions. Then the root number wd,n is equidistributed as n ∈ Σ goes to infinity. In other words,∑

n∈Σ:|n|≤X

wd,n = od,S(X).

We will in fact prove Theorem 2.6 for more general Σ, namely those Σ defined by prime-to-
3 congruence conditions which have a natural density. Moreover, for Σ defined by finitely many
congruence conditions mod m we will obtain a bound of shape ≪ dO(1)mO(1)X1−c for an explicit
absolute constant c ∈ R+.

From this equidistribution result, we see that the parity conjecture would imply that 50% of
twists Ed,n have odd rank and 50% of twists Ed,n have even rank (with d fixed and n varying),
even if we impose certain congruence conditions on n. However, the prime-to-3 hypothesis in the
theorem is crucial, since one can construct acceptable subsets Σ such that the root number wd,n is
constant for n ∈ Σ. Indeed, we prove:

Theorem 2.7. Fix d and let Σ be an acceptable subset of Z. The set Σ+ ⊂ Σ (resp., Σ−) of n ∈ Σ
such that Ed,n has root number +1 (resp., −1) is a countable union of acceptable sets.

These theorems are proved using an explicit formula for the root numbers wd,n due to Varilly-
Alvarado (based on work of Rohrlich) [47]. Aside from multiplicative factors at 2 and 3, the root
number of y2 = x3− 432n2 is equal to (−1)ω

′(n) where ω′(n) is the number of primes p ≡ 2 (mod 3)
dividing n. Theorem 2.6 follows from suitable asymptotic control of

∑
n(−1)ω

′(n) over arithmetic
progressions.

Theorem 1.4 follows from combining Theorem 1.3 with Theorems 2.6 and 2.7.
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5. The proportion of curves with rank 0 and rank 1 in cubic twist families

The parity conjecture is still open, so our equidistribution results for root numbers do not imme-
diately imply anything about ranks of elliptic curves. However, we may instead apply the p-parity
theorem of Dokchitser–Dokchitser [17].

Theorem 2.8 (p-parity). Let E/Q be an elliptic curve and let w(E) be its root number. Then for
every prime p, we have

w(E) = (−1)dimFpSelp(E)+dimFpE[p](Q).

It is easy to see that in any cubic twist family, we have Ed,n[2](Q) = 0 for 100% of integers n.
For such n, the case p = 2 of the p-parity theorem reads wd,n = (−1)dimF2Sel2(Ed,n). Across the root
number +1 curves, the 2-Selmer group size will be an even power of 2 (i.e., 1, 4, 16, etc.), while for
the root number −1 curves, the 2-Selmer group size will be an odd power of 2 (i.e., 2, 8, 32, etc.).
Since the average size of Sel2(Ed,n) is 3 across those Ed,n having root number +1, we conclude that
at least 1/3 of these curves must have 2-Selmer rank 0 (note that 3 is the average of 1, 4, 4). Since
Sel2(E) = 0 implies rkE(Q) = 0, we deduce that at least 1/6 of elliptic curves in every cubic twist
family have rank 0.

Similarly, since the average size of Sel2(Ed,n) is 3 across those Ed,n having root number −1, we
conclude that at least 5/6 of these curves must have 2-Selmer rank 1 (note that 3 is the average of
2, 2, 2, 2, 2, 8). We therefore deduce:

Corollary 2.9. Fix d ̸= 0. As n varies ordered by absolute value, at least 5/12 of the elliptic curves
Ed,n have 2-Selmer rank 1.

Moreover, we prove a similar result as n varies over sets of integers defined by congruence
conditions that are prime to 3. We then apply the following p-converse theorem of Burungale and
Skinner (Corollary A.4 of the Appendix).

Theorem 2.10. Let p be prime and let E/Q be a CM elliptic curve with supersingular reduction at p.
If #Selp(E) = p and the localization map Selp(E) → E(Qp)/pE(Qp) is injective, then rkE(Q) = 1.

This allows us to prove that a positive proportion of cubic twists Ed,n with good reduction
at 2 have rank 1. We handle the extra 2-adic condition by proving an appropriate equidistribution
theorem for 2-Selmer elements under the 2-adic localization map (Theorem 5.4), though this causes
our lower bound on the proportion of rank 1 twists to drop from 5/12 to 1/6.

This completes the sketch of the proofs of Theorems 1.1, 1.2, and 1.5. If the theorem of
Burungale–Skinner is eventually generalized to cover any CM elliptic curve with potentially su-
persingular reduction satisfying #Selp(E) = p (so that bad reduction is allowed and without any
hypothesis on the localization map), then our results would imply that at least 5/12 of cubic twists
have rank 1 in any cubic twist family of elliptic curves, and thus that at least 5/12 of integers are
the sum of two rational cubes.

3 Pairs of binary cubic forms and 2-Selmer elements in cubic twist
families

In [8, §6.3.2], the second author and Ho gave a functorial bijection between orbits of pairs of
binary cubic forms and isomorphism classes of genus 1 curves with extra data. We review this
parametrization and then specialize it to certain genus one curves with j-invariant 0. We then
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generalize this specialization to arbitrary cubic twist families of polarized abelian varieties. We use
this parametrization to classify certain 2-Selmer elements in terms of orbits of pairs of cubic forms
and show that orbits corresponding to 2-Selmer elements have integral representatives.

3.1 Parametrizing degree two genus one curves via pairs of binary cubics

Let F be a ground field of characteristic neither 2 nor 3. We consider the two groups G̃ = GL2
2

and G = SL2
2/µ2, where we view µ2 ⊂ SL2

2 via the diagonal scalar embedding. Both groups act on
V = F 2⊗Sym3F 2, with the first copy of GL2 (resp. SL2) acting on F 2 by the standard representation
and the second copy acting by the symmetric cube of the standard representation. It is known that
the ring of polynomial invariants for the action of G on V is freely generated by two invariants A1

and A3, of degrees 2 and 6 respectively [8]. These are only relative invariants for the action of G̃.
Let Y ⊂ V be the quadric hypersurface defined by the equation A1 = 0.

For each n ∈ F×, let Y (F )n be the subset of y ∈ Y (F ) having A3-invariant n. The group G(F )
acts on both Y (F ) and Y (F )n. We will make use of the following bijection due to the second author
and Ho [8, Thm. 2.3], which relates the G(F )-orbits on Y (F )n to isomorphism classes of pairs (C,L),
where C is a genus one curve whose Jacobian Pic0(C) is the elliptic curve En : y

2 + ny = x3, and
where L is a degree 2 line bundle on C. Such a genus one curve C is automatically an En-torsor
[43, §X].

Theorem 3.1. Fix n ∈ F×. There is a natural bijection between G(F )-orbits on Y (F )n and
isomorphism classes of pairs (C,L), where C is an En-torsor and L is a degree two line bundle
on C. If v ∈ Y (F )n corresponds to (C,L), then Stab

G̃
(v) ≃ Aut(C,L) and StabG(v) ≃ En[2].

Proof. This follows from the more general result cited earlier (see also [9, Thm. 3.1]). Given a
pair of cubic forms v = (F1, F2) ∈ V (F ), the corresponding curve C is the hyperelliptic curve
z2 = DiscX,Y (xF1(X,Y )− yF2(X,Y )),5 and the line bundle L is the pullback of OP1(1) along the
map z : C → P1. The Jacobian of C is the elliptic curve E : y2 + A1(v)xy + A3(v)y = x3. Setting
A1(v) = 0 and A3(v) = n, we obtain an y2 + ny = x3.

For each n ∈ F×, let vn ∈ Y (F )n be a pair of cubic forms corresponding under the bijection
of Theorem 3.1 to the pair (En, Ln), where Ln = OEn(2∞) is the line bundle corresponding to
the divisor 2∞ = 2[0: 1 : 0]. We refer to the G(F )-orbit of vn as the reducible orbit having A3-
invariant n. Explicitly, we may take vn to be the pair (xy2, x3 + ny3).

The stabilizer Stab
G̃
(vn) is isomorphic to Mumford’s theta group Θ(Ln) := Aut(En, Ln) of

automorphisms of the total space of Ln lifting those of En. This is an infinite noncommutative
group scheme, best described via the exact sequence

0 → Gm → Θ(Ln) → En[2] → 0. (3.1)

The subgroup Gm corresponds to the automorphisms of Ln given by scalar multiplication in each
fiber, and the map Θ(Ln) → En[2] records the underlying automorphism of En, which is necessarily
translation by a point in En[2].

Applying the long exact sequence in cohomology to (3.1) gives the obstruction map

ob: H1(F,En[2]) → H2(F,Gm).

This is only a map of pointed sets, despite the fact that both source and target are abelian groups.
By Hilbert’s Theorem 90, we have H1(F,Gm) = 0, and hence the kernel of the obstruction map is
H1(F,Θ(Ln)), viewed as a subset of H1(F,En[2]).

5Here, Discx,y is −27 times the usual polynomial discriminant, following the conventions used in [8, 9].
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Corollary 3.2. There is a functorial bijection between the G(F )-orbits on Y (F )n and the pointed
set H1(F,Θ(Ln)). Under this bijection, the reducible orbit corresponds to the trivial class.

Proof. By arithmetic invariant theory [7, Prop. 1], the set of G(F )-orbits on Y (F )n is in bijec-
tion with the kernel of H1(F,StabG(vn)) → H1(F,SL2

2/µ2). Since H1(F,SL2
2) = 0, we have

H1(F,SL2
2/µ2) ≃ H2(F, µ2). Thus the G(F )-orbits on Y (F )n are in bijection with the kernel

of H1(F,En[2]) → H2(F, µ2), through which the obstruction map factors. Alternatively, we may
apply the theory to G̃ and use that Θ(Ln) ≃ Stab

G̃
(vn) and H2(F, G̃) = 0.

3.2 Parametrizing A[λ]-torsors via pairs of binary cubics

We next generalize Theorem 3.1 to more general cubic twist families of elliptic curves. Since it is
not any harder, we will allow abelian varieties of higher dimension as well. We will make explicit
the case of elliptic curves, for the benefit of readers who are not comfortable with the language of
abelian varieties, but also to emphasize that even in this case we are doing something new. Indeed,
the particular cubic twist family En : y

2+ny = x3 is special in the sense that it admits the rational
point (0, 0) of order 3 (which is crucial for the parametrization in [8, §6.3.2]), whereas in a general
cubic twist family of elliptic curves Ed,n : y

2 = x3 + dn2, with d a fixed non-square, the curve Ed,n

has no rational 3-torsion point. An easy computation shows that En is isomorphic to E16,n.
In this paper, a polarized abelian variety over F is a pair (A,L), where A is an abelian variety

over F and L is an ample line bundle on A.

Remark 3.3. Every abelian varietyA admits a dual abelian variety Â = Pic0(A) which parametrizes
algebraically trivial line bundles on A. If A = E is an elliptic curve, then algebraically trivial is
equivalent to degree 0, and there is an isomorphism E ≃ Ê = Pic0(E) defined by P 7→ OE(P −∞).
In higher dimension A and Â need not be isomorphic, but any ample line bundle L on A induces a
map λL : A→ Â, sending a point P to t∗PL⊗L−1, where tP : A→ A is translation by P . The map
λL is called the polarization associated to (A,L).

If (A,L) is a polarized abelian variety, we write Aut(A,L) for the group of automorphisms
α ∈ Aut(A) such that α∗L ≃ L. Let µ3 be the group of third roots of unity. A µ3-action on (A,L)
is an inclusion of F -group schemes ι : µ3 ↪→ Aut(A,L). The action has isolated fixed points if for
each nontrivial ζ ∈ µ3, the endomorphism 1− ι(ζ) has finite kernel, or in other words, is an isogeny.
This condition is automatically satisfied if A is simple, e.g., if A is an elliptic curve.

Example 3.4. If A = E is an elliptic curve with µ3-action, then E has a model E : y2 = x3 + d
for some d ∈ F×, and the µ3-action is given by (x, y) 7→ (ζx, y). The line bundles OE(k∞) are
preserved by this action since ∞ is sent to ∞. The kernel of 1 − ι(ζ) is the order three group
generated by (0,±

√
d).

We now suppose that (A,L) admits a µ3-action ι. Then for each n ∈ F×, we define (An, Ln) to
be the twist of (A,L) by the cocycle GF → Aut(A,L) sending g 7→ ι(g( 3

√
n)/ 3

√
n). The isomorphism

class of (An, Ln) depends only on the image of n in F×/F×3 ≃ H1(F, µ3). We have dimF H
0(A,L) =

dimF H
0(An, Ln) for all n, and the polarizations λn : An → Ân all have degree (dimF H

0(A,L))2.
We assume for the rest of the section that (A,L) has a µ3-action with isolated fixed points and

that dimF H
0(A,L) = 2. We also assume that L is symmetric, in the sense that [−1]∗L ≃ L. The

groups An[λn](F̄ ) are then abstractly isomorphic to (Z/2Z)2, so that λn : An → Ân is a family of
(2, 2)-isogenies. Let λ = λ1 : A→ Â be the initial polarization.
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Example 3.5. If A = E : y2 = x3+d is an elliptic curve, we may take L = OE(2∞). After making
the identification E ≃ Ê, the polarization λ : E → Ê becomes the multiplication-by-minus-two map
[−2] : E → E. Indeed, λ sends P to the divisor 2(−P ) − 2∞ ∼ 2(∞ − P ). The twist En is the
elliptic curve Ed,n : y

2 = x3 + dn2 from the introduction.

Lemma 3.6. There exists d ∈ F× such that A[λ] ≃ StabG(yd).

Proof. The µ3-action on (A,L) induces a µ3-action on A[λ]. The hypothesis that 1−ζ is an isogeny
implies that the action of µ3 on A[λ] \ 0 is simply transitive. Indeed, the degree of 1 − ζ is a
power of 3, so 1 − ζ cannot annihilate any point of order 2. We also have ζgP g = (ζP )g for all
g ∈ Gal(F̄ /F ), ζ ∈ µ3(F̄ ), and P ∈ A[λ](F̄ ). From this we see that F (µ3) is contained in F (A[λ]),
which is a Galois extension of F whose Galois group is a subgroup of S3 ≃ GL2(F2). It follows
from elementary Galois theory (see [12, Lem. 33]) that F (A[λ]) ≃ F ( 3

√
d, ζ3) = F (

3
√
d2, ζ3) for

some d ∈ F×. We conclude that A[λ] ≃ E2d[2], since Q(E2d[2]) is the splitting field of the cubic
polynomial x3 + 64d2, and E2d[2] is the unique twist of (Z/2Z)2 with that splitting field.6 The
lemma now follows from Theorem 3.1.

Example 3.7. If A : y2 = x3+d is an elliptic curve then A[2] ≃ Ed′ [2] ≃ StabG(yd′), where d′ = 2d,
so the notation Ed,n from the introduction does not quite match the notation for the parameter d
whose existence is guaranteed by Lemma 3.6. The choice d′ = 4d2 also works. For our purposes,
the exact choice of d satisfying Lemma 3.6 will not matter.

We fix once and for all an element d ∈ F× as in Lemma 3.6. Just as in the previous subsection
there is an exact sequence defining the theta group Θ(L) = Aut(L):

0 → Gm → Θ(L) → A[λ] → 0.

We will sometimes think of points of Θ(L) as pairs (P,φ), with P ∈ A[λ] and φ an isomorphism
t∗PL ≃ L, where tP : A→ A is translation-by-P . If P = 0, then φ may be viewed as a scalar in F×.
Taking Galois cohomology, we obtain a map of pointed sets H1(F,A[λ]) → H2(F,Gm). As before,
the kernel of this map is H1(F,Θ(L)).

We can now state our general parametrization result.

Theorem 3.8. Let d ∈ F× be defined as in Lemma 3.6, and for each n ∈ F×, let (An, Ln) be the
n-th cubic twist of (A,L). Then there is a natural bijection between the G(F )-orbits on Y (F )dn
and the pointed set H1(F,Θ(Ln)), sending the reducible orbit vdn to the identity element. For any
v ∈ Y (F )dn, the stabilizer StabG(v) is isomorphic to An[λn].

Proof. Let E = Ed and LE = OE(2∞). We will show that there is an isomorphism of central
extensions Θ(L1) ≃ Θ(LE). The case n = 1 of the Theorem then follows from Corollary 3.2. The
general case then follows too, since taking cubic twists we obtain Θ(Ln) ≃ Θ((LE)n), for all n.

Let M be the line bundle p∗1L ⊗ p∗2LE which gives rise to the product polarization on A × E.
The theta group of M is related to the theta groups of L and LE in a simple way:

Θ(M ) ≃ (Θ(L)×Θ(LE))/∆,

where ∆ = {(1, t, 1, t−1)} ⊂ Gm ×Gm ⊂ Θ(L)×Θ(LE). Thus there is a short exact sequence

1 −→ Gm −→ Θ(M )
p−→ A[λ]× E[2] −→ 1.

6Recall that En is isomorphic to y2 = x3 + 16n2 so E2n is isomorphic to y2 = x3 + 64n2.
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Now choose an isomorphism η : A[λ] ≃ E[2] and let B be the abelian variety which is the quotient
of A × E by the graph Γη ⊂ A[λ] × E[2] ⊂ A × E. Let π : A × E → B be the quotient map. The
subgroup Γη ⊂ (A × E)[λM ] = A[λ] × E[2] is isotropic with respect to the skew-symmetric Weil
pairing induced by M , since

⟨(P, η(P )), (Q, η(Q))⟩M = ⟨P,Q⟩L⟨η(P ), η(Q)⟩LE
= ⟨P,Q⟩2L = 1.

Here we have used that η is (automatically!) a symplectic isomorphism with respect to the µ2-valued
Weil pairings induced by L and LE .

Lemma 3.9. There is a line bundle LB on B such that π∗LB ≃ M .

Proof. Define the group scheme Γ̂η = ker(Pic(B)
π∗
−→ Pic(A × E)), abstractly isomorphic to the

self-dual group scheme E[2] ≃ Γη = ker(π). Since Γη is isotropic, there is a line bundle L̃ on BF

such that π∗L̃ ≃ MF [32, §23]. We show that we can choose L̃ such that it descends to B. Since
B has a rational point, this is equivalent to L̃σ ≃ L̃ for all σ ∈ GF . The collection of all such line
bundles L̃ is a Γ̂η-torsor over Q, hence gives a class c ∈ H1(F,E[2]). Moreover, L̃ descends to B if
and only if this torsor is trivial. On the other hand, the µ3-action on A×E descends to a µ3-action
on B which interwines the isogeny π. Since L and LE are fixed by µ3, we have ζ∗L̃⊗ L̃−1 ∈ Γ̂η and
hence c = ζ(c) in H1(F (ζ3), E[2]). Let K = F (ζ3, E[2]) be the cubic étale-algebra over F (ζ3) cut
out by E[2] \ {0}.7 Under the isomorphism ([7, Prop. 5.1])

H1(F (ζ3), E[2]) ≃ ker
(
K×/K×2 Nm−→ F (ζ3)

×/F (ζ3)
×2

)
,

the action of µ3 on H1(F (ζ3), E[2]) is identified with the action of Gal(K/F (ζ3)) on the elements
of K×/K×2 of square norm. Since the latter group action is easily seen to have no nontrivial fixed
points, it follows that c is trivial and hence L̃ descends to B.

Remark 3.10. We remark for later use that Riemann-Roch and the formula χ(M ) = deg(π)χ(LB)
together imply that LB is a principal polarization.

The existence of this line bundle LB implies, by [32, Thm. 2 §23], that there is a subgroup
H ⊂ Θ(M ) and an isomorphism ψ : Γη ≃ H such that p ◦ ψ = id. This data determines an
isomorphism of theta groups

0 Gm Θ(L) A[λ] 0

0 Gm Θ(LE) E[2] 0.

id η̃ η

Explicitly, on S-valued points, if ψ(P, η(P )) = (P, s0, η(P ), r0) ∈ H ⊂ Θ(M ), then

η̃(P, s) = (η(P ), (s−1
0 s)r0),

where we view s−1
0 s as a scalar in Aut(L) ≃ Gm ≃ Aut(LE). This proves the claimed isomorphism

of central extensions Θ(L) ≃ Θ(LE).
7This is either a Z/3Z-extension or F (ζ3)

3. The map H1(F,E[2]) → H1(F (ζ3), E[2]) is injective in both cases.

13



Remark 3.11. The bijections of Theorem 3.8 (one for each n) seem to depend on the initial choice
of isomorphism Θ(L) ≃ Θ(LE), which itself depends on a choice of isomorphism A[λ] ≃ Ed[2]. In
fact, Jef Laga has pointed out to us that any automorphism of Θ(L) (as central extensions) that
commutes with the µ3-action and which induces the identity on A[λ] is the identity. This uniqueness
gives another way to prove the existence of an isomorphism Θ(L) ≃ Θ(LE) over F .

Example 3.12. If A : y2 = x3 + d is an elliptic curve with L = OA(2∞), then we can make the
bijection H1(F,Θ(L)) ≃ H1(F,Θ(LE)) in the proof of Theorem 3.8 very explicit. Recall that in
this case we may take E = E2d2 : y

2 = x3 + d4. Then H1(F,Θ(LE)) parametrizes orbits of pairs of
binary cubic forms y = (F1, F2) with A1(y) = 0 and A3(y) = 2d2. On the other hand, H1(F,Θ(L))
parametrizes isomorphism classes of curves of the form z2 = f(x, y) with Jacobian A. The explicit
map between these two sets sends (F1, F2) to the curve dz2 = Disc(xF1 − yF2).

Finally, we make an explicit connection between rational points on An(F ) and G(F )-orbits on
Y (F )dn. In fact, the more direct connection is with Ân(F ) not An(F ), since the short exact sequence

0 → An[λn] → An → Ân → 0

induces a map δ : Ân(F ) → H1(F,An[λn]).

Proposition 3.13. The composition Ân(F )
δ→ H1(F,An[λ])

ob→ H2(F,Gm) is 0. In particular, the
map δ factors through a map Ân(F ) → H1(F,Θ(Ln)).

Proof. This is [35, Prop. 6.4] and is where we use the fact that L is symmetric.

Thus, to each point P ∈ Ân(F ), there is an associated G(F )-orbit of pairs of binary cubic forms
v ∈ Y (F )dn.

3.3 Parametrization over local fields

We specialize the preceding discussion to the case F = Qp for some prime number p or F = R = Q∞.
If p <∞, we assume, without loss of generality, that the fixed element d ∈ F× lies in Zp.

For each n ∈ Q×
p , we say that v ∈ Y (Qp)nd is locally soluble if the corresponding element of

H1(Qp,Θ(Ln)), via Theorem 3.8, lies in the image of the Kummer map Ân(Qp) → H1(Qp,Θ(Ln))
given by Proposition 3.13. Write Y (Qp)

ls
dn for the set of locally soluble v ∈ Y (Qp) having A3-

invariant dn. This notion of local solubility of course depends on the pair (A,L).

Example 3.14. If A : y2 = x3 + d is an elliptic curve, then v = (F1, F2) ∈ Y (Qp) is locally soluble
if and only if the curve C : dz2 = Disc(xF1 − yF2) has C(Qp) ̸= ∅.

For p < ∞, we need the following integrality result, which is due to the second author and Ho
in the case where A is an elliptic curve E with a 3-torsion point and L = OE(2∞) [9, Thm. 4.2].
Write fA for the conductor of A, so that p | fA if and only if A has bad reduction. If A = E is an
elliptic curve with minimal Weierstrass model, then p | fE if and only if p divides the discriminant
of a minimal Weierstrass model of E.

Theorem 3.15. Assume p ∤ 6dfA∞ and n ∈ Zp. If v ∈ Y (Qp)
ls
dn, then Y (Zp) ∩ G(Qp)y ̸= ∅. In

other words, the G(Qp)-orbit of y contains an integral representative.

The proof uses the following lemma.
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Lemma 3.16. Suppose p > 3 and m ∈ pZp has valuation 1 or 2. Then H1(Qp, Em[2]) = 0.

Proof. The cubic field L = Qp(
3
√
m2) is totally ramified at p. Since, by [7, Prop. 5.1],

Em[2] ≃ ker
(
ResLQp

µ2
Nm−→ µ2

)
,

we compute

H1(Qp, Em[2]) ≃ ker(L×/L×2 Nm−→ Q×
p /Q×2

p )

≃ ker(O×
L/O

×2
L

Nm−→ Z×
p /Z×2

p )

≃ ker(F×
p /F×2

p
x 7→x3

−→ F×
p /F×2

p ) = 0.

Proof of Theorem 3.15. Recall that A[λ] ≃ Ed[2]. Twisting both sides, we have An[λn] ≃ Edn[2],
and hence H1(Qp, An[λn]) ≃ H1(Qp, Edn[2]). If vp(n) ̸≡ 0 (mod 3), then

H1(Qp,Θ(Ln)) ⊂ H1(Qp, An[λn]) ≃ H1(Qp, Edn) = 0

by Lemma 3.16. It follows that there is a unique G(Qp)-orbit in Y (Qp)nd, namely the reducible
orbit. This orbit has an explicit integral representative, namely, the pair of binary cubic forms
(x3 + ndy3, xy2); see [9, §4.6(b)].

If vp(n) ≡ 0 (mod 3), then because p ∤ 6dfADisc(Qp( 3
√
n)), the twist An has good reduction at p.

The image of the Kummer map Ân → H1(Qp, An[λn]) is therefore the subgroup of unramified classes
[15, Prop. 2.7(d)]. By the same reasoning, this is also the image of the Kummer map Edn(Qp) →
H1(Qp, Edn[2]) ≃ H1(Qp, An[λn]); in this case, the result follows from [9, Theorem 4.2].

Finally, we record a near-converse to Theorem 3.15.

Proposition 3.17. If p ∤ 6dfA∞ and n ∈ Zp has valuation vp(n) ≤ 2, then Y (Zp)dn ⊂ Y (Qp)
ls
dn.

Proof. If 1 ≤ vp(n) ≤ 2, then in the proof of Theorem 3.15 we saw that all v ∈ Y (Qp) having
A3-invariant dn are locally soluble. So it remains to show that if vp(n) = 0 and v ∈ Y (Zp)dn,
then the class v′ ∈ H1(Qp, Edn[2]) ≃ H1(Qp, An[λn]) corresponding to v is in the image of the
Kummer map (recall that in this case, the image of the Kummer map is the subgroup of unramified
classes, for both An and Edn). Now, the pair of binary cubic forms v = (F1, F2) determines an
explicit genus one curve C/Qp with an integral model C : z2 = Disc(xF1 − yF2). The special fiber
Cp is a hyperelliptic curve over Fp which comes from a pair of binary cubic forms over Fp and has
discriminant which is nonzero in Fp. It follows that Cp is smooth and hence C/Zp is smooth. Since
C/Qp has good reduction, it has a Qp-point, and hence C ≃ Edn. Equivalently, the class v′ lies in
ker(H1(Qp, Edn[2]) → H1(Qp, Edn)). Since this kernel is also the image of the Kummer map, we
have proven the desired claim.

3.4 Parametrization over global fields

Now let us specialize the situation of Section 3.2 to the case F = Q. Recall that the Selmer group
Selλn(An) is the kernel of the natural map

H1(Q, An[λn]) −→
∏
p≤∞

H1(Qp, An)[λn].
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Equivalently, the Selmer group Selλn(An) consists of those α ∈ H1(Q, An[λn]) whose restrictions
resp(α) lie in the image of the map Ân(Qp) → H1(Qp, An[λn]) for all primes p ≤ ∞. We have an
exact sequence

0 → Ân(Q)/λn(An(Q)) → Selλn(An) → X(An)[λn] → 0,

where X(An)[λn] is the λn-torsion subgroup of the Tate-Shafarevich group of An.
By Proposition 3.13, there are inclusions

Selλn(An) ⊂ H1(Q,Θ(Ln)) ⊂ H1(Q, An[λn]).

If v ∈ Y (Q)dn corresponds, under the bijection of Theorem 3.8, to an element of Selλn(An), we say
that v is Selmer. Equivalently, v ∈ Y (Q)dn is Selmer if and only if it is locally soluble at p for every
prime p. Write Y (Q)seldn for the set of Selmer elements v of invariant dn, and Y (Q)sel for the set of
all Selmer elements.

Theorem 3.18. For each n ∈ Q×, there is a natural bijection between the G(F )-orbits on Y (F )seldn

and the group Selλn(An). Under this bijection, the identity class in Selλn(An) corresponds to the
unique reducible orbit in Y (F )dn.

Proof. This follows from Theorem 3.8.

Theorem 3.19. There exists a nonzero integer N such that for all nonzero n ∈ NZ, and for all
v ∈ Y (Q)seldn, we have G(Q)v ∩ Y (Z) ̸= ∅.

Proof. If v ∈ Y (Q)dn, then the orbit G(Q)y contains some v′ ∈ Y (Z) if and only if the orbit G(Qp)y
contains an element of Y (Zp), for every prime p. This follows from the fact that the class number of
G = SL2

2/µ2 is 1. Thus, by Theorem 3.15, it suffices to show that for any prime p, if vp(n) is large
enough (depending on p), then all of the G(Qp)-orbits on Y (Qp)nd have representatives in Y (Zp)nd.

Note that for any given prime p, there are only finitely many G(Qp)-orbits with A3-invariant
nd, since the set H1(Qp,Θ(Ln)) ⊂ H1(Qp, Edn[2]) is finite. There are also only finitely many cube-
classes of n ∈ Q×

p /Q×3
p . Thus, we may scale any v ∈ Y (Qp)dn by an appropriate power of p, to

obtain an integral element of Y (Qp)dn′ with n′ ≡ n (mod Q×3
p ). It follows that if vp(n) is large

enough (depending only on p), then all of the (finitely many) G(Qp)-orbits with A3-invariant dn
contain representatives in Y (Zp).

By the previous two theorems, in order to estimate
∑

|n|<X #Selλn(An), we must determine the
number of Selmer G(Q)-orbits lying in Y ( 1

NZ) and having A3-invariant nd bounded byX in absolute
value. Here, the “Selmer” condition is determined by (infinitely many) congruence conditions. Even
though we impose infinitely many congruence conditions to sieve down to the Selmer elements, the
following result shows that these conditions do not throw out too many orbits.

Proposition 3.20. There exists a nonzero integer M such that if v ∈ Y ( 1
MZ)dn and dn ∈ Z is

cube-free at all primes p ∤M , then v ∈ Y (Qp)
sel.

Proof. This follows from Proposition 3.17.

Most results in this subsection generalize easily to the case where F is any number field (as well
as global fields of characteristic p > 3). However, for the analogue of Proposition 3.20 in this more
general setting, modifications are needed to account for nontrivial class group and unit group.

We turn now to the problem of estimating
∑

|n|<X #Selλn(An), which we shall carry out via a
suitable weighted count of G(Z)-orbits on Y (Z) satisfying |A3| < X.
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4 The number of integral orbits on an invariant quadric with bounded
invariants in the space of pairs of binary cubic forms

Let V := 2⊗Sym3(2), and let G be the image in GL(V ) of {(g, h) ∈ GL2×GL2 : det g ·(deth)3 = 1}.
Then, as already noted, G acts on V ; the first GL2 acts on the first factor via the standard repre-
sentation, and the second GL2 acts on the symmetric cube of the standard representation as usual.
Note that G ∼= (SL2 × SL2)/µ2.

The action of G(C) on V (C) has two independent polynomial invariants denoted A1 and A3, and
they have degrees 2 and 6, respectively. The degree 2 invariant has an especially simple formula:

A1((F1, F2)) = 3r1r8 − r2r7 + r3r6 − 3r4r5,

where F1(x, y) =
∑3

i=0 ri+1x
3−iyi and F2(x, y) =

∑3
i=0 ri+5x

3−iyi. (For a geometric characteriza-
tion of these invariants, see Theorem 2.1, which is [9, Thm. 42].) The quadric Y ⊂ V = 2⊗Sym3(2)
defined by A1 = 0 is thus preserved by the action of G.

In this section, we extend the methods of [9], [37], and [3], involving geometry of numbers and
the circle method, to give an asymptotic formula, with a power-saving error term, for the number
of G(Z)-orbits on Y (Z) such that |A3| < X and where A3 satisfies any acceptable set of congruence
conditions. We take the methods of [37] and [3] further by expressing our asymptotic formula in
terms of real and p-adic volumes with respect to a certain G-invariant measure, which represent a
novel re-interpretation of the singular integral and singular series that arise in the circle method.
These expressions will be key in the applications to the average sizes of Selmer groups in Section 5.

For every n ∈ Z, there is a distinguished G(Z)-orbit on Y (Z) having A3-invariant n, namely the
orbit of the pair vn := (F1, F2) = (xy2, x3 + ny3). Note that vn ∈ Y (Z) is a reducible element with
|A3|-invariant n, since the corresponding binary quartic form f(x1, x2) = Disc(x1F1 − x2F2) has a
rational root at [1 : 0]; one can check that this is the unique such orbit up to G(Q)-equivalence.
Since the reducible orbit is unique, we focus on counting the irreducible ones.

More generally, we wish to count weighted irreducible G(Z)-orbits on Y (Z) having bounded
A3-invariant, where the weights are defined by finite or appropriate infinite sets of congruence
conditions. A function φ : Y (Z) → [0, 1] ∈ R is said to be defined by congruence conditions if, for
all primes p, there exist functions φp : Y (Zp) → [0, 1] satisfying the following conditions:

(1) For all y ∈ Y (Z), the product
∏

p φp(y) converges to φ(y).

(2) For each p, the function φp is locally constant outside some closed set in Y (Zp) of measure
zero.

We say that such a function φ is acceptable if for sufficiently large primes p, we have φp(y) = 1
whenever p2 ∤ A3(y).

Let Nφ(Y (Z);X) denote the weighted number of irreducible G(Z)-orbits of elements y ∈ Y (Z)
with |A3(y)| < X, where the orbit of each such y is weighted by φ(y). The purpose of this section
is to prove the following theorem:

Theorem 4.1. Let φ : Y (Z) → [0, 1] be an acceptable function that is defined by the functions
φp : Y (Zp) → [0, 1]. Then

Nφ(Y (Z);X) = X ·
∫
y∈G(Z)\Y (R)
|A3(y)|<1

dy ·
∏
p

∫
y∈Y (Zp)

φp(y) dy + Oφ

(
X1−Ω(1)

)
; (4.1)

here dy is the G(R)-invariant (resp. G(Zp)-invariant) measure dr2 dr3 · · · dr8/(∂A1/∂r1) on Y (R)
(resp. Y (Zp)), where r1, . . . , r8 are the coordinates on V .
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4.1 Counting irreducible elements of bounded height

In this subsection, we prove the following special case of Theorem 4.1 giving the asymptotic num-
ber of G(Z)-equivalence classes of irreducible elements of Y (Z) having bounded A3-invariant and
satisfying any specified finite set of congruence conditions.

To state the result, for any G(Z)-invariant set S ⊂ Y (Z), let N(S;X) denote the number of
G(Z)-equivalence classes of irreducible elements y ∈ S satisfying 0 ̸= |A3(y)| < X. Let Sp ⊂ Y (Zp)
denote the p-adic closure of S in Y (Zp). We prove:

Theorem 4.2. Let S ⊂ Y (Z) be defined by a finite set of G(Z)-invariant congruence conditions
modulo M . Then

N(S;X) = X ·
∫
y∈G(Z)\Y (R)
|A3(y)|<1

dy ·
∏
p

∫
y∈Sp

dy +O
(
MO(1)X1−Ω(1)

)
.

4.1.1 Reduction theory

Define the (naive) height H(v) of an element v ∈ V (R) by

H(v) := H(A1(v), A3(v)) := max
{
|A1(v)|12, |A3(v)|4

}
,

and the discriminant ∆(v) of v by

∆(v) := ∆(A1(v), A3(v)) := 16A3(v)
3(A1(v)

3 − 27A3(v)).

Let v(A1, A3) := (xy2 +A1y
3, x3 +A3y

3), so that v(A1, A3) has invariants A1 and A3. Let

L∆<0 := {v(A1, A3) : ∆(A1, A3) < 0, H(A1, A3) = 1}.

Then, as shown in [9, Section 5], L∆<0 is a fundamental domain for the action of G(R) on the set
of height 1 elements of V (R)∆<0.

Let R = R+ · L∆<0. Then R is a fundamental domain for the action of G(R) on V (R)∆<0.
For any v ∈ V (R)∆<0, let vR denote the unique G(R)-representative of v in R, and vL denote the
unique R+ ·G(R)-representative of v in L∆<0. Similarly let λv ∈ R+ be such that vR = λv · vL.

Let R(X) := {v ∈ R : H(v) ≤ X}. Since H(λv) = λ24H(v), the coordinates of any v ∈
λL∆<0 ⊆ R(X) are all O(λ) = O(X1/24). Hence for any compact G0 ⊆ G(R), the coefficients of
any v ∈ G0 · λL∆<0 ⊆ R(X) are all OG0(λ) = OG0(X

1/24).
Let v± := (xy2, x3 ± y3) ∈ L∆<0 be the two points in L∆<0 with A1 = 0.
Let F be a fundamental domain for the action of G(Z) on G(R), as constructed in [9, §5.2].

Thus F lies inside a Siegel set; explicitly, if we write t = (t1, t2) and u = (u1, u2), then

F = {nuatk : nu ∈ N ′(t), at ∈ A′, k ∈ K},

where

N ′(t) := {nu := (nu1 , nu2) ∈ G(R) : ui ∈ I(ti)} ,

A′ :=

at := (at1 , at2) ∈ G(R) : ti ≥

√√
3

2

 ,

K := SO2(R)× SO2(R) ⊆ G(R);

here nui :=
(

1 0
ui 1

)
and ati :=

(
t−1
i 0
0 ti

)
, and I(ti) is a union of one or two subintervals of [−1

2 ,
1
2 ]

depending only on the value of ti.
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In terms of these Iwasawa coordinates, we define a Haar measure dg on G(R) by

dg = t−2
1 t−2

2 du1 du2 d
×t1 d

×t2 dk.

Here, dk is a Haar measure on K such that
∫
k∈K dk = 1.

4.1.2 Averaging over fundamental domains

We now extend the averaging method of [5, 11, 3] to estimate N(S;X). Let

V (Z)irr := {(F1, F2) ∈ V (Z) : Disc(xF1 − yF2) has nonzero discriminant and no root in P1(Q)}.

For any subset S ⊂ V (Z), let Sirr := S ∩ V (Z)irr. Let Y (Z) := {v ∈ V (Z) : A1(v) = 0}. Our goal
in this section is to count the number of G(Z)-orbits on Y (Z)irr with |A3| < X.

Let δ ∈ R+ be a small absolute constant that we will choose at the end of the argument. Let
µ0 ∈ C∞(R) be such that µ0 ≥ 0 on R, µ0(x) = 1 if x ≤ 0 and µ0(x) = 0 if x ≥ 1. Let

µ+(x) := µ0(X
δ2(x− 1))µ0(X

δ2(−x− 1)),

and let
µ−(x) := µ0(X

δ2(x− 1) + 1)µ0(X
δ2(−x− 1) + 1).

Thus µ+(x) = 1 when |x| ≤ 1 and µ+(x) = 0 when |x| ≥ 1 +X−δ2 , and similarly µ−(x) = 1 when
|x| ≤ 1 −X−δ2 and µ−(x) = 0 when |x| ≥ 1. Note that ||µ(k)± ||∞ ≪ Xkδ2 , where µ(k)± denotes the
k-th derivative of µ±.8 Note that µ± depends on the parameter X, but our notation suppresses
this.

Let α ∈ C∞
c (G(R)) be a smooth, compactly supported, and K-invariant function such that∫

G(R) α = 1. Let β ∈ C∞
c (L∆<0) be such that β(v±) = 1

2 , and such that both supp(β) and
β−1(1/2) ⊆ L∆<0 are unions of two small compact intervals containing v±. For v ∈ V (R), define

ν(v) :=
∑

λv ·g·vL=v

α(g)β(vL) =
∑

g·vR=v

α(g)β(vL)

and
w±(v;X) := µ±

(
A3(v)

X

)
ν(v).

Note that w±(v;X) = w±(X
− 1

6 v; 1).

Remark 4.3. We will suppress the dependence of all implicit constants on α, β, and µ0.

For a G(Z)-invariant set S ⊂ Y (Z), we define N±(S;X) :=
∑

v∈G(Z)\Sirr µ±

(
A3(v)
X

)
. Thus

N−(S;X) ≤ N(S;X) ≤ N+(S;X).

Now because the defining sum over G(Z)\Sirr in the definition of N±(S;X) may be computed
using any fundamental domain of G(Z)\V (R), it follows that

N±(S;X) =
∑

v∈Fh·R∩Sirr

µ±

(
A3(v)

X

)
β(vL)

for all h ∈ G(R), where Fh · R records multiplicity (i.e. is a multiset) and we have used that
β(vL) =

1
2 = 1

#|StabG(R)(v+)| =
1

#| StabG(R)(v−)| for all v ∈ Sirr ⊆ Y (Z)irr.

8The point of having a δ2 in the exponent is to have Xo(δ) lost upon each differentiation (so that in total we save
≫ Xδ−o(δ) each time we integrate by parts) during the repeated integration by parts in the proof of Proposition 4.11.
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Averaging this equality over h ∈ G(R) with respect to α(h)dh, we find:

N±(S;X) =

∫
h∈G(R)

dh
∑

v∈Fh·R∩Sirr

µ±

(
A3(v)

X

)
α(h)β(vL)

=

∫
h∈G(R)

dh
∑

v∈Sirr

µ±

(
A3(v)

X

)
α(h)β(vL) ·#|{g ∈ F : gh · vR = v}|

=
∑

v∈Sirr

µ±

(
A3(v)

X

)
β(vL)

∫
h∈G(R)

dhα(h) ·#|{g ∈ F : gh · vR = v}|

=
∑

v∈Sirr

µ±

(
A3(v)

X

)
β(vL)

∑
γ·vR=v

∫
h∈G(R)

dhα(h) ·#|{g ∈ F : gh = γ}|

=
∑

v∈Sirr

µ±

(
A3(v)

X

)
β(vL)

∑
γ·vR=v

∫
h∈G(R)

dhα(h) ·#|{g ∈ F : h = g−1 · γ}|

=
∑

v∈Sirr

µ±

(
A3(v)

X

)
β(vL)

∑
γ·vR=v

∫
h∈F−1γ

dhα(h)

=
∑

v∈Sirr

µ±

(
A3(v)

X

)
β(vL)

∑
γ·vR=v

∫
h∈F

dhα(h−1γ)

=

∫
h∈F

dh
∑

v∈Sirr

µ±

(
A3(v)

X

) ∑
γ·vR=v

α(h−1γ)β(vL)

=

∫
h∈F

dh
∑

v∈Sirr

µ±

(
A3(v)

X

) ∑
γ·vR=h−1v

α(γ)β(vL)

=

∫
h∈F

dh
∑

v∈Sirr

w±(h
−1v;X).

Thus
N±(S;X) =

∫
g∈F

∑
v∈S∩Y (Z)irr

w±(g
−1v;X) dg. (4.2)

We use (4.2) as the definition of N±(S;X) even if S ⊂ V (Z) is not contained in Y (Z) and even if
S is not G(Z)-invariant. Note that in all cases, N±(S;X) = N±(S ∩ Y (Z);X).

For S ⊆ V (Z) and u = (u1, u2) ∈ I(t), let

P±(u, t,X;S) :=
∑

v∈S∩Y (Z)

w±(a
−1
t n−1

u · v;X).

Then (4.2) may be re-expressed as

N±(S;X) =

∫
g=nuat∈N ′(t)A′

P±(u, t,X;Sirr) dg (4.3)

=

∫ ∞

t1,t2=

√√
3

2

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;Sirr) t−2
1 t−2

2 du1 du2 d
×t1 d

×t2 . (4.4)

4.1.3 A sufficient condition for reducibility

The following lemma, which is [9, Lemma 6.2], gives sufficient conditions for an element in V (Z) to
be reducible.
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Lemma 4.4. Let v = (F1, F2) = (r1, . . . , r8) ∈ V (Q) be an element such that either r1 = r2 = 0 or
r1 = r5 = 0. Then v is reducible.

Proof. In case (i), we see that x2 is a factor of Disc(x1F1 − x2F2). In case (ii), by replacing the
cubic form F1 by a suitable Q-linear combination of F1 and F2, we may transform v by an element
of G(Q) so that r2 is zero. Since r1 will remain zero, we are then in case (i). Hence v is reducible
in either case.

4.1.4 Cutting off the cusp

Lemma 4.5. Let v = (r1, . . . , r8) ∈ V (R) be such that w+(a
−1
t n−1

u v;X) ̸= 0. Then

|r1| ≪ t−1
1 t−3

2 X
1
6 , |r2| ≪ t−1

1 t−1
2 X

1
6 , |r3| ≪ t−1

1 t2X
1
6 , |r4| ≪ t−1

1 t32X
1
6

|r5| ≪ t1t
−3
2 X

1
6 , |r6| ≪ t1t

−1
2 X

1
6 , |r7| ≪ t1t2X

1
6 , |r8| ≪ t1t

3
2X

1
6 .

Proof. This follows by computing the action of at on each coordinate of V (R) and noting that nu
lies in a compact set.

For example, we have P±(u, t,X;S) =
∑

v∈S∩Y (Z):||v||∞≪t1t32X
1/6 w±(a

−1
t n−1

u v;X), where || · ||∞
denotes the usual L∞-norm.

Proposition 4.6. Let V0 :=
{(
r1X

3 + · · ·+ r4Y
3, r5X

3 + · · ·+ r8Y
3
)
∈ V : r1r8 = 0

}
. Then

N±(V0(Z);X) ≪ϵ X
8/9+ϵ.

Proof. We first claim that P±(u, t,X;V0(Z)irr) ≪ϵ t1t
3
2X

5/6+ϵ. By Lemma 4.5 it suffices to show
that the number of irreducible v ∈ V0(Z) satisfying the inequalities (4.5) in the conclusion of Lemma
4.5 is ≪ϵ t1t

3
2X

5/6+ϵ.
We will prove the claim for the subspace where r1 vanishes—the identical argument produces

an even stronger bound for the subspace where r8 vanishes. So let us assume that r1 = 0.
By Lemma 4.4, if v ∈ V (Z)irr, then r2, r5 ̸= 0, and so we must have t−1

1 t−1
2 X1/6 ≫ 1 and

t1t
−3
2 X1/6 ≫ 1. Hence the number of irreducible integer points satisfying (4.5) will be nonzero only if

t1t2 ≪ X1/6 and t−1
1 t32 ≪ X1/6. (4.5)

Suppose that (4.5) holds and the A1-invariant vanishes. The number of possibilities for the variables
(r3, r4, r5, r6, r8) is

≪ t−1
1 t2X

1/6 · t−1
1 t32X

1/6 · t1t−3
2 X1/6 · t1t−1

2 X1/6 · t1t32X1/6 = t1t
3
2X

5/6.

Once these five variables (r3, r4, r5, r6, r8) have been fixed, then the condition A1 = 0 also fixes the
value of r2r7. If this value is nonzero, then we conclude that the number of possibilities for the pair
(r2, r7) is at most Oϵ(X

ϵ). Hence, the number of irreducible integer points which satisfy (4.5), have
vanishing A1-invariant, and are such that r2r7 ̸= 0 is at most Oϵ(t1t

3
2X

5/6+ϵ).
If r2r7 = 0 (i.e., r7 = 0), then the above estimate on the number of pairs (r2, r7) does not

apply; but then we could have run the identical argument by fixing all variables except (r4, r5),
assuming r4r5 ̸= 0. If r7 = 0 and r4r5 = 0 (i.e., r4 = 0), then the condition A1 = 0 is equivalent to
r3r6 = 0. By Lemma 4.4, r4 = 0 and irreducibility forces r3 ̸= 0, and so r6 = 0. Thus the number
of possibilities for (r1, . . . , r8) (given that r1 = r7 = r4 = r6 = 0) is

≪ t−1
1 t−1

2 X1/6 · t−1
1 t2X

1/6 · t1t−3
2 X1/6 · t1t32X1/6 = X2/3.
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Combining all cases, we see that the number of irreducible integer points satisfying (4.5) with
r1r8 = 0 and vanishingA1-invariant isOϵ

(
t1t

3
2X

5/6+ϵ
)
. By Lemma 4.5 it follows that P±(u, t,X;V0(Z)irr) ≪ϵ

t1t
3
2X

5/6+ϵ as claimed.
Therefore, by the definition of N±(V0(Z);X), we have

N±(V0(Z);X) ≪
∫ X1/12

t2=

√√
3

2

∫ X1/6/t2

t1=

√√
3

2

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;V0(Z)irr)du1 du2
dt1
t31

dt2
t32

≪ϵ

∫ X1/12

t2=

√√
3

2

∫ X1/6/t2

t1=max

(√√
3

2
,

t32

X1/6

) t1t
3
2X

5/6+ϵ dt1
t31

dt2
t32

≪ϵ

∫ X1/18

t2=

√√
3

2

∫ X1/6/t2

t1=

√√
3

2

t1t
3
2X

5/6+ϵ dt1
t31

dt2
t32

+

∫ X1/12

t2=X1/18

∫ X1/6/t2

t1=
t32

X1/6

t1t
3
2X

5/6+ϵ dt1
t31

dt2
t32

≪ϵ X8/9+ϵ,
(4.6)

as desired.

Proposition 4.7.∫
Xδ≪||t||∞≪X1/6

∫
||u||∞≪1

P±(u, t,X;Y (Z)irr)du1du2
dt1
t31

dt2
t32

≪ϵ X
1−2δ+ϵ.

Proof. We follow the proof of Proposition 4.6, except that we may now assume r1r8 ̸= 0. The number
of possibilities for the six coordinates (r2, . . . , r7) for a point (r1, . . . , r8) ∈ Y (Z)irr satisfying (4.5)
is

≪ t−1
1 t−1

2 X1/6 · t−1
1 t2X

1/6 · t−1
1 t32X

1/6 · t1t−3
2 X1/6 · t1t−1

2 X1/6 · t1t2X1/6 = X.

Once these six variables have been fixed, then the condition A1 = 0 fixes the nonzero value of r1r8,
and thus r1 and r8 are determined up to at most Oϵ(X

ϵ) possibilities. Therefore,

P±(u, t,X;Y (Z)irr) ≪ϵ X
1+ϵ,

yielding the desired result upon integration.

4.1.5 A change-of-variable formula

For each r ∈ R, let vr = (xy2, x3 + ry3) ∈ Y (R).

Proposition 4.8. There exists a rational constant J such that, for any ψ ∈ L1(Y (R), dy), we have

|J |
2

∫
R

∫
G(R)

ψ(g · vA3) dg dA3 =

∫
Y (R)

ψ(y)dy. (4.7)

This can be verified by an explicit Jacobian calculation.
A more conceptual proof can also be given as follows. It was proven in [11, Proposition 3.10]

that under the local identification G(R)×R×R → V (R) (onto its image, which contains Y (R)∆ ̸=0)
given by (g,A1, A3) 7→ g · s(A1, A3), where s : R2 → V (R) is a smooth section of the invariants map
V (R) → R2, we have an equality of differential forms dg ∧ dA1 ∧ dA3 = c dv on V (R); here c is a
rational constant and dv = dr1 ∧ · · · ∧ dr8 is the Euclidean volume on V . If D1 = dg ∧ dA3 and
D2 = c dy = c dr1 ∧ · · · ∧ dr7/(∂A1/∂r8), then D1 ∧ dA1 = cD2 ∧ dA1, as both are equal to c dv. We
conclude by Lemma 4.9 below that D1 = −cD2 as differential forms on Y (R)∆ ̸=0. Proposition 4.8
follows.
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Lemma 4.9. Let M be a manifold. Let k ∈ Z+. Let f ∈ C∞(M) be such that df is nowhere-
vanishing on M . Let ω ∈ Ωk(M) be a k-form on M . Then: df ∧ ω = 0 if and only if there is an
ω̃ ∈ Ωk−1(M) such that ω = df ∧ ω̃. In particular, if df ∧ α = df ∧ β, then α|{f=0} = β|{f=0}.

Proof. For the forward direction, let X be a vector field on M such that the contraction iX(df) ∈
C∞(M) vanishes nowhere (e.g., choose a metric and dualize df). Then, because

0 = iX(df ∧ ω) = iX(df) · ω − df ∧ iX(ω),

it follows that ω = df ∧
(

iX(ω)
iX(df)

)
. The reverse direction is evident by antisymmetry since df is a

1-form, and the last sentence is then evident given the equivalence.

We may use Proposition 4.8 to give a convenient expression for the volume of {y ∈ G(Z)\Y (R) :
|A3(y)| < 1} with respect to the measure dy:∫

y∈G(Z)\Y (R):|A3(y)|<1
dy =

|J |
2

∫ 1

−1

∫
F
dg dA3 = |J |Vol(G(Z)\G(R)). (4.8)

A similar Jacobian calculation / conceptual proof yields the following more general change-of-
measure formula:

Proposition 4.10. Let K be R, C, or Zp for some prime p, and let ψ ∈ L1(Y (K), dy). Then there
exists a rational constant J , independent of K and ψ, such that∫

Y (K)
ψ(y)dy = |J |

∫
0 ̸=A3∈K

( ∑
y∈G(K)\YA3

(K)

1

#StabG(K)(y)

∫
g∈G(K)

ψ(g · y)dg
)
dA3, (4.9)

where YA3(K) denotes the set of elements in Y (K) having invariant A3.

Proposition 4.10 follows from [11, Proposition 3.12] using Lemma 4.9 just as Proposition 4.8 was
deduced from [11, Proposition 3.10].

4.1.6 The main body

To count points in Y (Z) in the main bodies of our fundamental domains, we use the circle/smoothed
delta symbol method. For our application, unlike Heath-Brown [21] and previous treatments of the
circle method, we require an estimate of the weighted number of integer points on the quadric Y (R)
in skew boxes, and we require knowledge of the dependence of the error term on the skewness of
the box (i.e., on the parameter t). The other key contribution of our treatment is the expression of
the singular integral and singular series both in terms of integrals over R and over Zp, respectively,
with respect to the canonical measure dy.

We prove:

Proposition 4.11. Let S ⊂ Y (Z) be defined by congruence conditions modulo M . Then

P±(u, t,X;S)=X ·
∫
y∈Y (R)

w±(y; 1)dy ·
∏
p

∫
y∈Sp

dy +Oϵ(||t||16∞MO(1)X2/3+ϵ)

Proof. We follow Heath-Brown [21], but, to handle weighted counts in skew regions, we keep careful
track of the dependence of the error terms on the skewness parameter t.
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We first compute P±(u, t,X; v0 +M · V (Z)) for v0 ∈ S, and then will sum over a set of repre-
sentatives of S (mod M) to conclude. So let v0 ∈ S, and let σ(v) := v0 +M · v. Let λ := X

1
6 . Let

N ∈ Z+ with N ≍ δ−2.
By Heath-Brown’s [21, Theorem 2, (1.2)], i.e., the key identity of the smoothed delta symbol

method, we have

P±(u, t,X; v0 +M · V (Z)) =
∑

v∈V (Z):A1(σ(v))=0

w±(a
−1
t n−1

u · σ(v);X)

= (1 +ON (λ−N ))λ−2
∑
q≥1

q−8
∑

c∈V (Z)∗

( ∑
u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v)) + c · v)
)

·
(∫

V (R)
dv w±(a

−1
t n−1

u · σ(v);X) · h
( q
λ
,
A1(σ(v))

λ2

)
· eq(−c · v)

)
,

where e(x) := exp(2πix), eq(x) := e(x/q), we have used his Theorem 1 to estimate his cQ (here his

Q is our λ), and we define h as follows: let w0(x) :=

{
e
− 1

1−x2 |x| < 1
0 |x| ≥ 1

, w̃0(x) :=
4w0(4x−3)∫
R w0(x)dx

, and

h(x, y) :=
∑

k≥1
1
k·x

(
w̃0(k · x)− w̃0

(
|y|
k·x

))
. Evidently h is smooth and satisfies h(x, y) ≪ x−1 for

all y and h(x, y) = 0 when x≫ 1 + |y|.
By [21, Lemma 25], ∣∣∣ ∑

u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v)) + c · v)
∣∣∣ ≪ q5 (4.10)

(we will not use sharper analysis because this will suffice for our purposes).
As for the integral, via the change of variables

v 7→ σ−1 (λnuat · σ(v)) = λnuat · v +
(λnuat − id) · v0

M

we find:∫
V (R)

w±(a
−1
t n−1

u · σ(v);X)h

(
q

λ
,
A1(σ(v))

λ2

)
eq(−c · v) dv

= λ8eMq ((λnuat − id) · v0)
∫
V (R)

w±(σ(v); 1)h
( q
λ
,A1(σ(v))

)
eq(−λ((nuat)† · c) · v) dv (4.11)

where g† denotes the transpose of g.
Because w±(v; 1) = 0 when ||v||∞ ≫ 1, it follows that w±(σ(v); 1)h

( q
λ , A1(σ(v))

)
= 0 for all

v ∈ V (R) when q ≫Mλ. Thus we assume without loss of generality that q ≪Mλ.
Applying the identity

∫
R f(x)e(ξx)dx = − 1

2πiξ

∫
R f

′(x)e(ξx)dx for f ∈ C∞
c (R) (proven via inte-

gration by parts) N times, it follows that if ||(nuat)† · c||∞ ≫ q
λ ||t||∞λ

δ, then∫
V (R)

dv w±(σ(v); 1)h
( q
λ
,A1(σ(v))

)
eq(−λ((nuat)† · c) · v) ≪N MNXδ2N (||t||∞λδ)−N

(
λ

q

)
,

where we have used the bound (∂kxh)(x, y) ≪k x
−1−k as in [21, Lemma 5] as well as ||µ(k)± ||∞ ≪ Xkδ2 .
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Combining (4.10) and (4.11), the sum over c ̸= 0—which we will see contributes only to the
error term—is:

λ−2
∑
q≥1

q−8
∑

0̸=c∈V (Z)∗

( ∑
u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v)) + c · v)
)

·
∫
V (R)

dv w±(a
−1
t n−1

u σ(v); 1)h
( q
λ
,A1(σ(v))

)
eq(−c · v)

≪ ON

(
MNλO(1)−Nδ

)
+ λ6+o(1)

∑
λ1−δ

||t||4∞
≪q≪Mλ

q−3
∑

0<||(nuat)†·c||∞≪ q||t||∞
λ1−δ

∣∣∣ ∫
v∈V (R)

dv w±(σ(v); 1)h
( q
λ
,A1(σ(v))

)
eq(−λ((nuat)† · c) · v)

∣∣∣,
the lower bound on q in the first sum of the second term arising from the fact that

||(nu · at)† · c||∞ ≫ ||c||∞
||t||4∞

,

and the upper bound arising from the fact that h(x, y) = 0 when x ≫ 1 + |y|. Inserting absolute
values into the integral, and using h(x, y) ≪ x−1, the sum over c ̸= 0 is:

≪ ON

(
MNλO(1)−Nδ

)
+ λ7+o(1)

∑
λ1−δ

||t||4∞
≪q≪Mλ

q−4#
∣∣∣{c ∈ Z8 : 0 < ||(nuat)† · c||∞ ≪ q

λ1−δ
||t||∞

}∣∣∣ .
≪ ON

(
MNλO(1)−Nδ

)
+ λ7+o(1)

∑
λ1−δ

||t||4∞
≪q≪Mλ

q−4
1∏

i=0

3∏
j=0

(
1 +

qt
(−1)i

1 · t−3+2j
2

λ1−δ
||t||∞

)

≪ ON

(
MNλO(1)−Nδ

)
+MO(1)t41t

8
2max

(
1,
t21
t2

)
max

(
1,
t21
t32

)
λ4+O(δ)

≪ ON

(
MNλO(1)−Nδ

)
+MO(1)||t||16∞λ4+O(δ)

≪MO(1)||t||16∞λ4+O(δ)

since N ≍ δ−2 and δ ≍ 1.
Therefore,

(1 +ON (λ−N ))
∑

v∈V (Z):A1(σ(v))=0

w±(a
−1
t n−1

u σ(v);X)

= λ−2
∑

q≪Mλ

q−8
( ∑

u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v)))
)(∫

V (R)
|dv|w±(a

−1
t n−1

u σ(v);X)h
( q
λ
,
A1(σ(v))

λ2

))
+O

(
MO(1)||t||16∞λ4+O(δ)

)
=M−8λ6

∑
q≪Mλ

q−8
( ∑
u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v)))
)(∫

V (R)
|dv|w±(v; 1)h

( q
λ
,A1(v)

))
+O

(
MO(1)||t||16∞λ4+O(δ)

)
,

where we have performed the change of variables v 7→ λnuat · σ−1(v).
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Now we apply [21, Lemma 13]. Since q ≪Mλ, we obtain∫
V (R)

|dv|w±(v; 1)h
( q
λ
,A1(v)

)
=

∫
Y (R)

|dy|w±(y; 1) +ON

(( q
λ

)N)
,

which extracts the singular integral.
Thus∑

q≪Mλ

q−8
( ∑

u∈(Z/q)×

∑
v∈V (Z/q)

eq(u ·A1(σ(v)))
)(∫

V (R)
|dv|w±(v; 1) · h

( q
λ
,A1(v)

))

=
(∫

Y (R)
|dy|w±(y; 1)

) ∑
q≪Mλ1−δ

q−8
∑

u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v))) +O
(
MO(1)λ4+O(δ)

)
=

(∫
Y (R)

|dy|w±(y; 1)
)∑

q≥1

q−8
∑

u∈(Z/q)×

∑
v∈V (Z/q)

eq(uA1(σ(v))) +O
(
MO(1)λ4+O(δ)

)
,

where we have used [21, Lemma 25] twice.
We now turn towards the singular series, which we will re-express as an analogous p-adic integral.

The function q 7→ q−8
∑

u∈(Z/q)×
∑

v∈V (Z/q) eq(u ·A1(σ(v))) is multiplicative, whence:∑
q≥1

q−8
∑

u∈(Z/q)×

∑
v∈V (Z/q)

eq(u ·A1(σ(v))) =
∏
p

∑
k≥1

p−8k
∑

u∈(Z/pk)×

∑
v∈V (Z/pk)

eq(u ·A1(σ(v))).

Now ∑
u∈(Z/pk)×

∑
v∈V (Z/pk)

eq(uA1(σ(v)))

= φ(pk)#|{v ∈ V (Z/pk) : pk | A1(σ(v))}| − pk−1#|{v ∈ V (Z/pk) : pk−1 || A1(σ(v))}|
= pk#|{v ∈ V (Z/pk) : pk | A1(σ(v))}| − pk−1#|{v ∈ V (Z/pk) : pk−1 | A1(σ(v))}|.

But A1(σ(v)) (mod pk−1) only depends on v (mod pk−1). Therefore,∑
u∈(Z/pk)×

∑
v∈V (Z/pk)

eq(u ·A1(σ(v)))

= pk ·#|{v ∈ V (Z/pk) : pk | A1(σ(v))}| − pk+7 ·#|{v ∈ V (Z/pk−1) : pk−1 | A1(σ(v))}|.

Since the sum telescopes,∑
k≥1

p−8k
∑

u∈(Z/pk)×

∑
v∈V (Z/pk)

eq(u ·A1(σ(v))) = lim
k→∞

p−7k ·#|{v ∈ V (Z/pk) : A1(σ(v)) ≡ 0 (mod pk)}|

= lim
k→∞

1

p−k

∫
v∈V (Zp):|A1(σ(v))|p≤p−k

|dv|p

= |M |−8p
p · lim

k→∞

1

p−k

∫
v∈V (Zp):v≡v0 (mod M),

|A1(v)|p≤p−k

|dv|p,

where in the last equality we have made the change of variables v 7→ σ−1(v).
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Because A1 is nondegenerate for all v ∈ V (Zp), we have

||(∇A1)(v)||∞ ≫ ||v||∞

(proven, e.g., via the adjugate). It follows that either ||v||∞ ≤ δ−1p−
k
2 , i.e. v lies in a set of measure

≪
(
δ−1p−

k
2

)8
= δ−8p−4k, or else ||(∇A1)(v)||∞ ≫ δ−1p−

k
2 .

Suppose that ||(∇A1)(v)||∞ ≫ δ−1p−
k
2 and furthermore that |A1(v)|p ≤ p−k. Let j be minimal

such that |(∂vjA1)(v)|p ≫ δ−1p−
k
2 . Then A1(v) ≡ 0 (mod p(∂vjA1)(v)

2), whence by Hensel’s lemma
there is a unique v′ with A1(v

′) = 0 and such that v′i = vi for i ̸= j and v′j ≡ vj (mod p(∂vjA1)(v)).

Thus ||v′ − v||∞ ≤ p−1|(∂vjA1)(v)|p and hence |(∂vjA1)(v
′)|p ≫ δ−1p−

k
2 as well.

In reverse, given v′ such that A1(v
′) = 0, |(∂viA1)(v

′)|p ≪ δ−1p−
k
2 for i < j, and such that

|(∂vjA1)(v
′)|p ≫ δ−1p−

k
2 , the measure of the set of v such that A1(v) ≡ 0 (mod pk), vi = v′i for

i ̸= j, and v′j ≡ vj (mod p(∂vjA1)(v)) is p−k|(∂vjA1)(v
′)|−1

p , by Taylor expansion.
Thus, for each 1 ≤ j ≤ 8, via the map v = (v1, v2, . . . , v8) 7→ v′ = (v1, v2, . . . , vj−1, v

′
j , vj+1, . . . , v8),

we have
1

p−k

∫
v∈V (Zp):v≡v0 (mod M),

|A1(v)|p≤p−k, |(∂vjA1)(v)|p≫δ−1p−
k
2 ,

|(∂viA1)(v)|p≪δ−1p−
k
2 ∀i<j

|dv|p

=
1

p−k

∫
v1,...,v̂j ,...,v8∈Zp

|dv1|p · · · |̂dvj |p · · · |dv8|p
∫

vj∈Zp:v≡v0 (mod M),

|A1(v)|p≤p−k, |(∂vjA1)(v)|p≫δ−1p−
k
2 ,

|(∂viA1)(v)|p≪δ−1p−
k
2 ∀i<j

|dvj |p

=

∫
y∈Y (Zp):y≡v0 (mod M),

|(∂vjA1)(y)|p≫δ−1p−
k
2 ,

|(∂viA1)(y)|p≪δ−1p−
k
2 ∀i<j

|dv1|p · · · |̂dvj |p · · · |dv8|p
|(∂vjA1)(y)|p

=

∫
y∈Y (Zp):y≡v0 (mod M),

|(∂vjA1)(y)|p≫δ−1p−
k
2 ,

|(∂viA1)(y)|p≪δ−1p−
k
2 ∀i<j

|dy|p,

where in the last equality we have implicitly used Lemma 4.9.
Since, as mentioned,

1

p−k

∫
v∈V (Zp):v≡v0 (mod M),

|A1(v)|p≤p−k

|dv|p =
8∑

j=1

1

p−k

∫
v∈V (Zp):v≡v0 (mod M),

|A1(v)|p≤p−k, |(∂vjA1)(v)|p≫δ−1p−
k
2 ,

|(∂viA1)(v)|p≪δ−1p−
k
2 ∀i<j

|dv|p +O(δ−8p−3k),

it follows that

lim
k→∞

1

p−k

∫
v∈V (Zp):v≡v0 (mod M),

|A1(v)|p≤p−k

|dv|p = |M |−8
p

∫
y∈Y (Zp):y≡v0 (mod M)

|dy|p.

Therefore, on collecting everything together, we have found that:∑
v∈V (Z):A1(σ(v))=0

w±(a
−1
t n−1

u · σ(v);X)

=M−8λ6
(∫

Y (R)
|dy|w±(y; 1)

)∏
p

|M |−8
p

∫
y∈Y (Zp):y≡v0 (mod M)

|dy|p +O
(
MO(1)||t||16∞λ4+O(δ)

)
= λ6

(∫
Y (R)

|dy|w±(y; 1)
)∏

p

∫
y∈Y (Zp):y≡v0 (mod M)

|dy|p +O
(
MO(1)||t||16∞λ4+O(δ)

)
.
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Finally, we sum over representatives v0 of S (mod M) ⊆ Y (Z/M) to conclude that∑
v∈S

w±(a
−1
t n−1

u · v;X) = λ6
∫
y∈Y (R)

|dy|w±(y; 1)
∏
p

∫
y∈Sp

|dy|p +O
(
MO(1)||t||16∞λ4+O(δ)

)
.

Choosing δ ≍ 1 sufficiently small gives the claim.

4.1.7 Estimates on reducibility in the main body

Let g be the completely multiplicative function vanishing outside the squarefree integers such that

g(p) =

∫
y∈Y (Zp)∩V (Zp)irr

dy∫
y∈Y (Zp)

dy

for all primes p. Note that 0 ≤ g(p) ≤ 1. Let h be the completely multiplicative function vanishing
outside the squarefree integers such that h(p) := g(p)

1−g(p) if g(p) < 1 and h(p) := 2 otherwise.

Lemma 4.12. Let p > 3 be a prime. Then

g(p) ≥


1
4 +O

(
1
p

)
if p ≡ 1 (mod 3),

1
2 +O

(
1
p

)
if p ≡ 2 (mod 3).

Proof. By Proposition 4.10, we have

1− g(p) =

∫
0 ̸=A3∈Zp

(∑
y∈G(Zp)\YA3

(Zp)red
1

#| StabG(Zp)(y)|

)
dA3∫

0 ̸=A3∈Zp

(∑
y∈G(Zp)\YA3

(Zp)
1

#| StabG(Zp)(y)|

)
dA3

,

where YA3(Zp)
red := YA3(Zp) ∩ V (Zp)

red.
For n ∈ Z×

p , let En be the elliptic curve En : y
2 = x3 + 16n2. For any v ∈ Yn(Zp), we have

StabG(Zp)(y) ≃ En[2](Qp),

and there is a bijection between G(Zp)\Yn(Zp) and En(Qp)/2En(Qp), by Proposition 3.17. Under
this bijection, the unique reducible orbit corresponds to the identity element.

If p ≡ 1 (mod 3) and 16n2 is a cube in Z×
p , then

#En(Qp)/2En(Qp) = #En[2](Qp) = 4,

so for such n there are three irreducible orbits for every reducible one. If 16n2 is not a cube, then
#En(Qp)/2En(Qp) = 1 and there is only the reducible orbit. Since 16n2 is a cube for one third of
all n ∈ Z×

p , we have

1− g(p) =
1

3
· 1
4
+

2

3
· 1 +O

(
1

p

)
and hence g(p) ≥ 1

4 +O
(
1
p

)
.

If p ≡ 2 (mod 3) and p > 2, then

#En(Qp)/2En(Qp) = #En[2](Qp) = 2,

so for each n, there are two orbits and one of them is reducible. Thus g(p) ≥ 1
2 +O

(
1
p

)
.
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We now define the usual Selberg sieve weights. Let η ∈ R+ with η ≍ 1 (certainly η = 10−10

will suffice). Let R := Xη. Let D := R2. Let Q :=
∏

p≤R p. Let J :=
∑

m≤R h(m). Let
ρe := 1

J · µ(e)
g(e) ·

∑
e|m|P :m≤R h(m); thus, e.g., ρ1 = 1, ρe = 0 when e > R, and |ρe| ≤ 1.9 Let

λd :=
∑

[e,e′]=d ρe · ρe′ ; thus e.g. |λm| ≤ d3(m), λm = 0 when m > D, and
∑

d λd · g(d) =
1
J .10

Proposition 4.13.∫
1≪||t||∞≪Xδ

∫
||u||∞≪1

P±(u, t,X;Y (Z)red) t−2
1 t−2

2 du1 du2 d
×t1 d

×t2 ≪δ X
1−Ω(1)+O(δ). (4.12)

Proof. Let λ := X
1
6 . Evidently(∑

e|Q

ρe · 1∩p|eV (Zp)irr(y)
)2

≥ 1∩p≤RV (Zp)red(y)

(if y ̸∈
⋂

p≤R V (Zp)
red there is nothing to prove, and if y ∈

⋂
p≤R V (Zp)

red then both sides are 1).
Summing over y ∈ Y (Z), we obtain

P±(u, t,X;
⋂
p≤R

V (Zp)
red) =

∑
y∈Y (Z)∩

⋂
p≤R V (Zp)red

w±(a
−1
t n−1

u · y;X)

≤
∑
m|Q

λm
∑

y∈Y (Z)∩
⋂

p|m V (Zp)irr

w±(a
−1
t n−1

u · y;X).

By Theorem 4.11,

P±(u, t,X;
⋂
p|m

V (Zp)
irr)=X

∫
y∈Y (R)

w±(y; 1)dy
∏
p∤m

∫
y∈Y (Zp)

dy
∏
p|m

∫
y∈Y (Zp)∩V (Zp)irr

dy+O
(
||t||16∞mO(1)X

2
3
)
.

Thus, on using |λm| ≤ d3(m) and λm = 0 when m > D, we find:

P±(u, t,X;
⋂
p≤R

V (Zp)
red)

≤ X ·
∫
y∈Y (R)

w±(y; 1)dy ·
∏
p

∫
y∈Y (Zp)

dy ·
∑
m|Q

λmg(m) +O
(
X

2
3 ||t||16∞

∑
m≤D

d3(m)mO(1)
)

=
X

J
·
∫
y∈Y (R)

w±(y; 1)dy ·
∏
p

∫
y∈Y (Zp)

dy +O(X
2
3
+O(η)||t||16∞).

9This is because

|ρe| =
1

J

∑
e|m|P :m≤R

∑
e′|e

h(m)

h(e′)
=

1

J

∑
m′|Q:m′≤R

e
,(m,e)=1

∑
e′′|e

h(m′ · e′′) ≤ 1.

10Indeed ∑
d

λd · g(d) = 1

J2

∑
e,e′

µ(e)µ(e′)

g((e, e′))

( ∑
e|m|Q:m≤R

h(m)
)( ∑

e′|m′|Q:m′≤R

h(m′)
)

=
1

J2

∑
m,m′|Q:m,m′≤R

h(m)h(m′)
∑
e|m

µ(e)
∑

e′′|(e,m′)

µ(e′′)

g(e′′)

∑
e′′′| m′

(e,m′)

µ(e′′′),

and
∑

e′′|m′
µ(e′′)
g(e′′) = µ(m′)

h(m′) .
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Finally, because g(p) ≫ 1 when p≫ 1 (Lemma 4.12) it follows that

J =
∑
m≤R

h(m) ≥
∑

m≤R:(m,O(1))=1

O(1)−#|{p|m:p≫1}| ≫ R

logR
,

for example, whence we conclude from

P±(u, t,X;Y (Z)red) ≤ P±(u, t,X;Y (Z) ∩
⋂
p≤R

V (Zp)
red)

that
P±(u, t,X;Y (Z)red) ≪ X1−η+o(1) +X

2
3
+O(η)||t||16∞.

Integrating over u and t then gives the claim.

4.1.8 Putting together the cusp and main body

We now prove Theorem 4.2.

Proof of Theorem 4.2. Since N−(S;X) ≤ N(S;X) ≤ N+(S;X) it suffices to prove the same asymp-
totic for N±(S;X) instead.

By (4.3),

N±(S;X)

=

∫ ∞

t1,t2=

√√
3
2

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;Sirr)t−2
1 t−2

2 du1 du2 d
×t1 d

×t2

=

∫ XO(1)

t1,t2=

√√
3
2

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;Sirr) t−2
1 t−2

2 du1 du2 d
×t1 d

×t2

=

(∫
1≪||t||∞<Xδ

∫
u1∈I(t1)
u2∈I(t2)

+

∫
Xδ≤||t||∞≪XO(1)

∫
u1∈I(t1)
u2∈I(t2)

)
P±(u, t,X;Sirr) t−2

1 t−2
2 du1 du2 d

×t1 d
×t2,

where in the second equality we used that if ||t||∞ ≫ X
1
6 then by (4.5) there are no irreducible

integer points y ∈ Y (Z) with w±(a
−1
t n−1

u y;X) ̸= 0.
By Proposition 4.7 the second integral is ≪ X1−Ω(1).
Let us further write the first integral as:∫

1≪||t||∞<Xδ

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;Sirr)t−2
1 t−2

2 du1 du2 d
×t1 d

×t2

=

∫
1≪||t||∞<Xδ

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;S)t−2
1 t−2

2 du1 du2 d
×t1 d

×t2

−
∫
1≪||t||∞<Xδ

∫
u1∈I(t1)
u2∈I(t2)

P±(u, t,X;Sred)t−2
1 t−2

2 du1 du2 d
×t1 d

×t2.

By Proposition 4.13 the second integral is ≪ X1−Ω(1). As for the first integral, applying Proposi-
tion 4.11 and observing that the resulting error terms also integrate to ≪ MO(1)X1−Ω(1) and that
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the main term is independent of t and u, we need only observe that∫
1≪||t||∞<Xδ

∫
u1∈I(t1)
u2∈I(t2)

t−2
1 t−2

2 dy du1 du2 d
×t1 d

×t2

=

(∫ ∞

t1,t2=

√√
3

2

∫
u1∈I(t1)
u2∈I(t2)

−
∫
||t||∞≥Xδ

∫
u1∈I(t1)
u2∈I(t2)

)
t−2
1 t−2

2 dy du1 du2 d
×t1 d

×t2

= Vol(G(Z)\G(R)) +O(X1−Ω(1)).

and that (by Proposition 4.8)∫
y∈Y (R)

w±(y; 1)dy

=
|J |
2

∫
g∈G(R)

∫
A3∈R

w±(g · v(0, A3); 1)dA3 dg

=
|J |
2

∫
g∈G(R)

∫
A3∈R

µ±(A3)
∑

hg·v(0,A3)=v(0,A3)

α(h)β(vsgn(A3))dA3 dg

=
|J |
4

∫
g∈G(R)

(∫
A3∈R+

µ±(A3)
∑

h∈StabG(R)(v+)

α(hg−1)dA3 +

∫
A3∈R−

µ±(A3)
∑

h∈StabG(R)(v−)

α(hg−1)dA3

)
dg

=
|J |
4

(∫
A3∈R+

µ±(A3)
∑

h∈StabG(R)(v+)

+

∫
A3∈R−

µ±(A3)
∑

h∈StabG(R)(v−)

)∫
g∈G(R)

α(hg−1)dg dA3

=
|J |
2

∫
A3∈R

µ±(A3)

= |J |+O(X−δ2),

where we have used that
∫
g∈G(R) α(hg

−1)dg = 1 via the change of variables g 7→ g−1h.
It follows that∫

1≪||t||∞<Xδ

∫
u1∈I(t1)
u2∈I(t2)

∫
y∈Y (R)

w±(y; 1)t
−2
1 t−2

2 dy du1 du2 d
×t1 d

×t2 = |J | ·Vol(G(Z)\G(R)) +O(X1−Ω(1))

=

∫
y∈G(Z)\Y (R),

|A3(y)|<1

dy +O(X1−Ω(1)),

and so by Proposition 4.11 we are done.

4.2 A uniformity estimate

We will make use of the following theorem of Browning–Heath-Brown [14, Theorem 1.1].

Theorem 4.14 (Browning–Heath-Brown). Let X ⊆ Pm be a hypersurface defined over Q by a
quadratic form of rank at least 5. Let Z ⊆ X be a codimension 2 subvariety defined over Q, let Z
be its scheme-theoretic closure in Pm

Z , and let Zp := Z ⊗Z Fp. Then for any ϵ > 0 there exists a
constant cϵ,X,Z > 0 depending only on X, Z, and ϵ, such that the number of x ∈ X(Q) of height
HPm(x) < B which specialize to a point in Zp(Fp) for some p > M is at most

cε,X,ZB
ε

(
Bm−1

M logM
+Bm−1−1/m

)
.

Here HPm([x0, . . . , xm]) :=
∏

v maxi |xi|v as usual.
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We now prove the desired uniformity estimate. Let Wp(Y ) denote the set of y ∈ Y (Z) such that
p2 | A3(y).

Proposition 4.15. Suppose M ∈ Z+ with M ≫ 1. Then

N(
⋃
p>M

Wp(Y );X) ≪ X1+O(δ3)

M logM
+X1−Ω(1).

Proof. By Proposition 4.7,

N(
⋃
p>M

Wp(Y );X)

≤ N+(
⋃
p>M

Wp(Y );X)

=

∫ ∞

t1,t2=

√√
3

2

∫
u1∈I(t1)
u2∈I(t2)

P+(u, t,X;
⋃
p>M

Wp(Y )irr) t−2
1 t−2

2 du1 du2 d
×t1 d

×t2

=

(∫√√
3
2
≤||t||∞<Xδ3

+

∫
||t||>Xδ3

)∫
u1∈I(t1)
u2∈I(t2)

P+(u, t,X;
⋃
p>M

Wp(Y )irr) t−2
1 t−2

2 du1 du2 d
×t1 d

×t2

=

∫√√
3

2
≤||t||∞<Xδ3

∫
u1∈I(t1)
u2∈I(t2)

P+(u, t,X;
⋃
p>M

Wp(Y )irr) t−2
1 t−2

2 du1 du2 d
×t1 d

×t2 +O(X1−Ω(1)).

Thus it suffices to prove that, for 1 ≪ ti ≪ Xδ3 ,

P+(u, t,X;
⋃
p>M

Wp(Y )irr) ≪ X1+O(δ3)

M logM
+X1−Ω(1),

because inserting this bound into the above integral yields the claim. Note also that for such
t = (t1, t2), by Lemma 4.5 if w+(a

−1
t n−1

u v;X) ̸= 0, then, writing v = (r1, . . . , r8), we have HP7([r1 :
. . . : r8]) ≪ X1/6+O(δ3).

Let now v = (F1, F2) = (r1, . . . , r8) ∈ V (Z) be such that w+(a
−1
t n−1

u v;X) ̸= 0 and p > M be
such that p2 | A3(v). Let also f = DiscX,Y (xF1(X,Y ) − yF2(X,Y )) ∈ Z[x, y]. Since f is a binary
quartic form, we may refer to its invariants I(f) and J(f) [11], which we will write I(v) and J(v).
From a computation, we have A1(v) | I(f). If v ∈ Y (Z), then A1(v) = 0 and hence I(f) = 0.
It then follows from degree considerations that J(f) is a nonzero rational constant times A3(v)

2.
Since p2 | A3(v), it follows that p4 | J(v).

Since I(f) = 0, the discriminant of f(x, y) is a nonzero rational constant times J(f)2, so is
divisible by p8. In particular, f(x, y) has a repeated root over Fp. However, because I(ax4+ bx3y+
cx2y2) = c2, we see that any repeated root of f(x, y) must actually be at least a triple root since
I(f) = 0. On the other hand, if f(x, y) has a quadruple root modulo p or is a multiple of p, then
v reduces to an Fp-point on a fixed codimension 2 subvariety Z ⊆ Y defined over Z and we may
apply Theorem 4.14 (with B = X1/6+O(δ3)) to bound the number of such v.

So it remains to consider the case where f(x, y) has splitting type (131). By a change of
basis over Zp which is uniquely determined up to (x, y) 7→ (tx, t−1y) mod p, we may assume that
f(x, y) = bx3y + dxy3 + ey4 with p ∤ b, p | d, p | e. Since I(f) = −3bd = 0, we see that d = 0. We
then see that J(f) = −27b2e, whence, because the discriminant of f is a multiple of J(f)2, we find
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that p4 | e = Disc(F2). Now, if p | F2, then we may again use Theorem 4.14 as before. So we may
assume that F2 is primitive over Zp, and hence splits as (121) or (13) over Fp.

If F2 has splitting type (121), then, after a second (independent) change of basis over Zp, we
have F2(X,Y ) = r6X

2Y +r8Y
3 with p ∤ r6 and p | r8. Since 0 = A1(v) ≡ −r6r3 (mod p4), it follows

that p4 | r3. We also compute 0 = d ≡ 4r4r
3
6 (mod p4), so that p4 | r4. Hence

xF1(X,Y )− yF2(X,Y ) ≡ X2(r1xX + (r2x− r6y)Y ) (mod p)

and so f(x, y) = Disc(xF1(X,Y ) − yF2(X,Y )) ≡ 0 (mod p), which is not of type (131), a contra-
diction.

The final case is when F2(X,Y ) = r5X
3+r6X

2Y +r7XY
2+r8Y

3 is (13) at p. After a Zp-change
of basis, we may assume p ∤ r5, r6 = 0, and p | r7, r8. That p4 | Disc(F2) means that p2 | r8 and thus
p2 | r7. Then A1(v) = 0 implies that p2 | r4. Since f is primitive and F2(X,Y ) ≡ r5X

3 (mod p), we
have p ∤ r3. We may again change basis over Zp to ensure that moreover r2 = 0. (This determines
the mod p reduction of our basis over Zp up to transformations of the form (X,Y ) 7→ (tX, t−1Y ).)
Since 0 = a = Disc(F1) ≡ 4r1r

3
3 (mod p4), it follows that p4 | r1. Now let τ(v) = γv, where

γ = (diag(
√
p, 1/

√
p),diag(

√
p, 1/

√
p)). Explicitly, the action of γ is given by

(F1, F2) 7→ (
√
pF1(

√
pX, Y/

√
p), F2(

√
pX, Y/

√
p)/

√
p),

or in terms of coefficients: (r1, . . . , r8) 7→ (p2r1, pr2, r3, r4/p, pr5, r6, r7/p, r8/p
2). The pair τ(v) has

the same invariants, but the associated binary quartic has been replaced by (p2a, pb, c, d/p, e/p2),
which is divisible by p, and indeed is p times a (131) binary quartic. Note also that

(p2r1, pr2, r3, r4/p, pr5, r6, r7/p, r8/p
2) ≡ (0, 0, r3, 0, 0, 0, 0, r8/p

2) (mod p),

so that the first binary cubic in this pair is also of type (121).
Now note that the above argument did not rely on the exact vanishing of a, c, d, r6, etc., but

rather needed only that they be divisible by, e.g., p10. Thus (by mod-p10 weak approximation), to
produce this transformation, we may have first chosen changes of basis over Z rather than over Zp.

We claim that the association above v 7→ τ(v) gives a well-defined A3-preserving injection from
G(Z)-orbits of v ∈ Y (Z) with f of splitting type (131) and F2 of type (13) to a set of G(Z)-orbits
Y (Z) with binary quartic equal to p times a (131) form and F1 a (121) form. To see that τ is
well-defined at the level of G(Z)-orbits, note that all choices made above in changing basis over Z
differ by elements of G(Z) that are congruent to a diagonal matrix mod p. Since, for t ∈ Z×

p ,

diag(
√
p, 1/

√
p)−1 · (diag(t, t−1) + p ·M2(Zp)) · diag(

√
p, 1/

√
p) ⊆ GL2(Zp), (4.13)

these give the same G(Z)-orbit (integrality at p is the only thing to be checked). To see that τ is
injective, suppose we have v and v′ such that τ(v′) = g · τ(v) with g = (g1, g2) ∈ G(Z). Because
of the uniqueness up to (x, y) 7→ (tx, t−1y) of the change of basis over Fp taking a (131) mod-p
binary quartic (namely the binary quartic of τ(v) divided by p) to a multiple of x3y (mod p), it
follows that g2 (mod p) is diagonal, whence by (4.13) we may assume without loss of generality (by
changing v′ by an element of {id} × SL2(Z)) that g2 = id and hence f = f̃ . Similarly, because of
(4.13) and the uniqueness up to (X,Y ) 7→ (tX, t−1Y ) of the change of basis over Fp taking a (121)
mod-p binary cubic (namely the first binary cubic of τ(v)) to a multiple of XY 2 (mod p), it follows
that g1 (mod p) is diagonal, whence by (4.13) we conclude that v′ ∈ G(Z) · v, and so τ is indeed
injective at the level of G(Z)-orbits.

The desired result now follows, since we have already bounded the set of v ∈ Y (Z) for which f
is a multiple of p, p2 | A3(v), and |A3(v)| < X.
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4.3 Proof of the main counting theorem

We first state the following weighted version of Theorem 4.2.

Theorem 4.16. Let φp : Y (Zp) → R be locally constant, G(Z)-invariant, and such that φp = 1 for
all but finitely many p. Let Nφ(Y (Z);X) denote the weighted number of irreducible G(Z)-orbits in
Y (Z) having |A3| bounded by X, where each orbit G(Z) · y is counted with weight φ(y) :=

∏
p φp(y).

Then
Nφ(Y (Z);X) = X ·

∫
y∈G(Z)\Y (R)
|A3(y)|<1

dy ·
∏
p

∫
y∈Y (Zp)

φp(y) dy +Oφ

(
X1−Ω(1)

)
. (4.14)

Proof. We apply Theorem 4.2 to the level sets of φ.

To prove Theorem 4.1, we must extend Theorem 4.16 to weight functions φ =
∏
φp that are

acceptable but nontrivial at infinitely many primes. It is for this extension that the uniformity
estimate in Proposition 4.15 is needed.

Proof of Theorem 4.1. We may repeat the argument in [11, §2.7], but with the uniformity estimate
[11, Theorem 2.13] there replaced by Proposition 4.15.

5 The average size of the 2-Selmer group in a cubic twist family

Let (A,L) be a polarized abelian variety over Q with a µ3-action, as in Section 3.2. For each integer
n ≥ 1, let (An, Ln) be the corresponding cubic twist and let λn : An → Ân be the corresponding
polarization. Recall that we assume

(1) The µ3-action has isolated fixed points (which is automatic if A is simple), and

(2) [−1]∗L ≃ L, and

(3) dimQH
0(A,L) = 2, so that each λn is a (2, 2)-isogeny.

Definition 5.1. A subset Σ ⊂ Z is defined by congruence conditions if there are open subsets
Σp ⊂ Zp such that Σ =

⋂
pΣp.11

Definition 5.2. A subset Σ =
⋂

pΣp ⊂ Z defined by congruence conditions is acceptable if

(1) each Σp is nonempty and open, and

(2) for all but finitely many primes p, the set Σp contains all n ∈ Zp with vp(n) ≤ 1.

The following theorem gives Theorem 1.3 as a special case.

Theorem 5.3. Let Σ ⊂ Z be acceptable. Then avgn∈Σ#Selλn(An) = 3.

Proof. We fix some d ∈ Z such that StabG(vd) ≃ A[λ], as in Lemma 3.6. Note that we are free
to replace d by dt3, for any nonzero t ∈ Z. Recall from Section 3.3 the notion of a locally soluble
v ∈ Y (Qp), relative to (A,L). By Theorems 3.18 and 3.19, we may choose d so that for every
nonzero n ∈ Z, there is a bijection between the Selmer group Selλn(An) and the G(Q)-orbits of
locally soluble elements v ∈ Y (Z) with A3(v) = dn.

11More precisely, Σ = Z ∩
⋂

p Σp ⊆ Ẑ.
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To compute avgn∈Σ#Selλn(An), it is therefore enough to estimate the function Nφ̃(Y (Z);X),
where φ̃ : Y (Z) → [0, 1] is defined as follows. For v ∈ Y (Z), let m̃(v) be the number of G(Z)-
orbits in the G(Q)-orbit of v. Then we define φ̃(v) = 1/m̃(v) if v is everywhere locally soluble and
A3(v) ∈ dΣ, otherwise φ̃(v) = 0.

As is usual in these types of arguments, it is more convenient to replace φ̃ with the slightly
different function φ(v) which is defined in the same way except we replace m̃(v) with

m(v) =
∑

v′∈O(v)

#StabG(Q)(v)

#StabG(Z)(v′)
,

where O(v) is a set of representatives for the G(Z)-orbits in the same G(Q)-orbit as y. Notice that
m(v) = m̃(v) whenever StabG(Q)(v) is trivial. This switch is therefore justified by the fact that the
number of everywhere locally solubleG(Q)-orbits on Y (Z) with |A3(v)| < X and nontrivial stabilizer
StabG(Q)(v) is O(X1/3). Indeed, if A3(v) = dn, then StabG(Q)(v) = StabG(Q)(vdn) ≃ Edn[2](Q)

which is nontrivial if and only if d2n2 is a cube in Q×. There are O(X1/3) such values of n and
the number of locally soluble G(Q)-orbits is the same for each one (since the corresponding elliptic
curves are isomorphic). Thus the total number of such orbits is O(X1/3) and will be negligible when
we average over n ∈ Σ with |n| < X.

To invoke our general counting result Theorem 4.1, we must first show that φ is an acceptable
function defined by congruence conditions. We have m(v) =

∏
pmp(v) where

mp(v) =
∑

v′∈Op(v)

#StabG(Qp)(v)

#StabG(Zp)(v
′)
,

where Op(v) is a set of representatives for the G(Zp)-orbits in the same G(Qp)-orbit as y. The proof
is as in [11, Prop. 3.6], using the fact that G has class number 1. From this expression we see that
φ is defined by congruence conditions. The acceptability of φ follows from Proposition 3.20 and the
acceptability of the set Σ.

Thus, by Theorem 4.1, we have

Nφ(Y (Z);X) = X · 1
2

∫
y∈G(Z)\Y (R)
|A3(y)|<1

dy
∏
p

∫
y∈Y (Zp)

φp(y) dy + O
(
X1−Ω(1)

)
. (5.1)

By Proposition 4.10, we have∫
y∈Y (Zp)

φp(y)dy = |J |p ·Vol(G(Zp))

∫
n∈Σp

∑
σ∈Ân(Qp)/λn(An(Qp))

1

#An[λn](Qp)
dn, (5.2)

using the bijection between locally soluble orbits withA3(y) = dn and the group Ân(Qp)/λn(An(Qp)),
as well as the isomorphism StabG(Qp)(vm) ≃ An[λn](Qp) of Theorem 3.8.

Combining (5.1) and (5.2), we obtain

Nφ(Y (Z);X) = |J |Vol(G(Z)\G(R))
∏
p

(
|J |pVol(G(Zp))

∫
n∈Σp

cp(λn)dn

)
X +O

(
X1−Ω(1)

)
where

cp(λn) :=
#Ân(Qp)/λn(An(Qp))

#An[λn](Qp)
.
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For finite p ̸= 2 we have cp(λn) = cp(Ân)/cp(An) = 1 by [40, Prop. 3.1] and [29, Prop. 4.3]. In fact,
since λ̂n = λn, we have the more general formula

cp(λn) = |2|−1
p (5.3)

for all p ≤ ∞ [28, Lem. 7.1].
It follows that

Nφ(Y (Z);X) = |J |Vol(G(Z)\G(R))X
∏
p

(|J /2|p ·Vol(G(Zp)) ·Vol(Σp))X +O
(
X1−Ω(1)

)
= 2 ·Vol(Σ) ·X ·Vol(G(Z)\G(R))

∏
p

Vol(G(Zp)) +O
(
X1−Ω(1)

)
= 4 ·Vol(Σ) ·X +O

(
X1−Ω(1)

)
,

where Vol(Σ) is the natural density of Σ ⊂ Z, and we have used that the Tamagawa number of G
is 2. We conclude that

avgn∈Σ#Selλn(An) = 1 + lim
X→∞

Nφ(Y (Z);X)

Vol(Σ ∩ [−X,X])
= 1 + 2 = 3,

as desired.

We will also require the following variant of Theorem 5.3, where we impose additional local
conditions on the Selmer elements.

Theorem 5.4. Fix a prime p and suppose Σ ⊂ Z is an acceptable subset such that Ân(Qp)/λnAn(Qp)
has constant size 2k for all n ∈ Σ. Let Sels(An) ⊂ Selλn(An) be the subgroup of Selmer elements
which are locally trivial at p. Then avgn∈Σ#Sels(An) = 1 + 21−k.

Proof. The proof is the same as in Theorem 5.3, except we tweak the local weight function φp so that
φp(y) = 0 unless y is in the reducible G(Qp)-orbit with A3-invariant A3(y), which corresponds to the
identity element of Ân(Qp)/λnAn(Qp) under the bijection of Theorem 3.8. Since Ân(Qp)/λnAn(Qp)
has size 2k for all n ∈ Σ, this has the effect of multiplying the Euler factor at p by 2−k, and leaving
all other Euler factors the same. So the proof gives avgn∈Σ#Sels(An) = 1+ 2 · 2−k = 1+ 21−k.

Using similar arguments, one can prove a more general equidistribution theorem as in [13,
Thm. 9], but for the applications in this paper, Theorems 5.3 and 5.4 will suffice.

6 The root number in any cubic twist family is equidistributed

Let d and n be nonzero integers, and let Ed,n : y
2 = x3 + dn2. Write wd,n ∈ {±1} for the root

number of Ed,n; thus the functional equation for the completed L-function of Ed,n reads

L(Ed,n, s) = wd,n · L(Ed,n, 2− s).

The purpose of this section is to prove Theorems 2.6 and 2.7.
To prove these theorems we make use of known explicit formulas for the roots numbers wd,n.

For each 0 ̸= d ∈ Z, let fd : Z+ → {±1} be the multiplicative function such that fd(pk) = 1
for all primes p | 6d and k ∈ N, such that fd(pk) = fd(p

k−3) for all p and k ≥ 3, and such that
f(p2) = f(p) = χ−3(p), for all primes p ∤ 6d, where χ−3(p) =

(
−3
p

)
.

The following is a corollary of Várilly-Alvarado’s [47, Prop. 4.4], drawing on formulas of Rohrlich.
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Proposition 6.1. Let 0 ̸= d ∈ Z. Then there is a function gd : (Z/9)× × (Z/3)ω(6d) → {±1} such
that

wd,n = gd

(( n

3v3(n)

)2
mod 9, (vp(n) mod 3)p|6d)

)
· fd(n)

for all n ∈ Z+.

Proposition 6.1 shows that if we ignore a factor coming from primes dividing 6d, the root number
of Ed,n agrees with the evaluation of the multiplicative function fd at n. As a corollary, we deduce
the following result, which is a more precise version of Theorem 2.7.

Corollary 6.2. Let Σ ⊆ Z+, and let γ ∈ {±1}. For each (s, ν, a) ∈ Z+×Z+×(Z/9)× with s | (6d)∞
and ν squarefull and coprime to 6d, there is an ε(s,ν,a) ∈ {±1} such that

{n ∈ Σ |wd,n = γ} =
⊔

(s,ν,a)∈Z+×Z+×(Z/9)×:
s|(6d)∞,
(ν,6d)=1,

ν squarefull

s · ν · t
∣∣∣∣∣∣∣

s·ν·t∈Σ,
t squarefree,
t2≡a (mod 9),
(t,6d·ν)=1,

t≡γ·ε(s,ν,a) (mod 3)

 .

Proof. For each such (s, ν, a), let

ε(s,ν,a) := gd

(( s

3v3(s)

)2
· ν2 · a, (vp(s) mod 3)p|6d

)
· fd(ν).

Now, each n ∈ Σ can be written uniquely as n = sνt where νt is prime to 6d, and t (resp. ν) is the
“squarefree part” (resp. “squarefull part”) of νt. In particular (t, 6dν) = 1. Setting a := t2 (mod 9),
Proposition 6.1 gives

wd,n = gd

(( s

3v3(s)

)2
ν2a mod 9, (vp(s) mod 3)p|6d

)
fd(ν)fd(t) = ε(s,ν,a)fd(t).

This completes the proof, since fd(t) = χ−3(t) ≡ t (mod 3) for t squarefree and prime to 6d.

We may now deduce the following special case of Theorem 2.6 (with much better error term).

Remark 6.3. For the remainder of this section, we restrict without loss of generality to n ∈ Z+.

Theorem 6.4. Let m ∈ Z+, and let r ∈ Z/m. Then there is a constant cd,r ∈ R such that∑
n≤X:n≡r (mod m)

wd,n = cd,r ·X +O(dO(1)mO(1)X1−Ω(1)).

Moreover, if 3 ∤ m, then cd,r = 0. In particular, for d fixed and n → ∞ over all of Z+ (or any
arithmetic progression with common difference not divisible by 3), the root numbers of Ed,n uniformly
distribute in {±1}.
The constant cd,r is easy enough to determine but we will not specify it here.

Proof. For notational convenience we will only treat the case of 3 ∤ m—from the argument it will
be clear how to proceed when 3 | m.12

Of course ∑
n≤X:n≡r (mod m)

wd,n =
∑

γ∈{±1}

γ
∑

n≤X:n≡r (mod m),wd,n=γ

1.

12The point is that when 3 | m then exactly one of the conditions t ≡ ±ε(s,ν,a) (mod 3) may contradict the
congruence sνt ≡ r (mod 3), producing a term of order X because the sum over t corresponding to γ = +1 no longer
cancels the sum corresponding to γ = −1 to leading order.
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By Corollary 6.2, it follows that∑
γ∈{±1}

γ
∑

n≤X:n≡r (mod m),wd,n=γ

1

=
∑

a∈(Z/9)×

∑
s≤X:s|(6d)∞

∑
ν≤X

s
:

(ν,6d)=1,
(6d·ν,r, m

(m,sν)
)=1,

ν squarefull

∑
γ∈{±1}

γ
∑

t≤ X
s·ν :

(t,6d·ν)=1,
t2≡a (mod 9),

t≡γ·ε(s,ν,a) (mod 3),

sνt≡r (mod m)

µ2(t)

=
∑

a∈(Z/9)×

∑
s≤Xδ:s|(6d)∞

∑
ν≤Xδ:

(ν,6d)=1,
(6d·ν,r, m

(m,sν)
)=1,

ν squarefull

∑
γ∈{±1}

γ
∑

t≤ X
s·ν :

(t,6d·ν)=1,
t2≡a (mod 9),

t≡γ·ε(s,ν,a) (mod 3),

sνt≡r (mod m)

µ2(t) +O(X1−Ω(1))

=
∑

a∈(Z/9)×

∑
s≤Xδ:s|(6d)∞

∑
ν≤Xδ:

(ν,6d)=1,
(6d·ν,r, m

(m,sν)
)=1,

ν squarefull

∑
γ∈{±1}

γ
∑

t≤ X
s·ν :

(t,6d·ν)=1,
t2≡a (mod 9),

t≡γ·ε(s,ν,a) (mod 3),

t≡r·
(

sν
(m,sν)

)−1
(mod m

(m,sν)
)

µ2(t) +O(X1−Ω(1)).

Note that the conditions (t, 6d·ν) = 1, t2 ≡ a (mod 9), t ≡ γ·ε(s,ν,a) (mod 3), t ≡ r·
(

sν
(m,sν)

)−1
(mod m

(m,sν))

can be written as at most ≪ dXδ congruences modulo [9, 6d · ν,m] ≪ dmXδ.
Now, for x ∈ Z/y, if (x, y) is not squarefree, then there are no squarefree n ≡ x (mod y).

Otherwise,∑
n≤X:n≡x (mod y)

µ2(n) =
∑

n≤X:n≡x (mod y)

∑
d2|n

µ(d)

=
∑

d≤
√
X:(y,d2)|(x,y)

µ(d)
∑

e≤ X
d2

: d2

(y,d2)
·e≡x (mod y

(y,d2)
)

1

=
∑

f |(x,y):(f, y
f
)=1

µ(f)
∑

g≤
√

X
f
:(g,y)=1

µ(g)
∑

e≤ X
f2g2

:e≡x
f
·f−1g−2 (mod y

f
)

1

=
∑

f |(x,y):(f, y
f
)=1

µ(f)
∑

g≤
√

X
f
:(g,y)=1

µ(g)

(
X

fg2y
+O(1)

)

=
X

y

∑
f |(x,y):(f, y

f
)=1

µ(f)

f

∑
g≤

√
X
f
:(g,y)=1

µ(g)

g2
+O

(
O(1)

√
log y

log log y
√
X +O(1)

log y
log log y

)

=
X

y

∑
f |(x,y):(f, y

f
)=1

µ(f)

f

∑
g≥1:(g,y)=1

µ(g)

g2
+O

(
O(1)

√
log y

log log y
√
X +O(1)

log y
log log y

)

=
6

π2
· X
y

·
∏

p|(x,y):p2∤y

(
1− 1

p

)
·
∏
p|y

(
1− 1

p2

)−1

+O

(
O(1)

√
log y

log log y
√
X +O(1)

log y
log log y

)
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(of course one can be more precise). Consequently (since the leading terms match—this is where
we use that 3 ∤ m),∑
γ∈{±1}

γ
∑
t≤ X

sν
:

(t,6dν)=1,
t2≡a (mod 9),

t≡γε(s,ν,a) (mod 3),

t≡r( sν
(m,sν)

)
−1

(mod m
(m,sν)

)

µ2(t) =
∑
t≤ X

sν
:

(t,6dν)=1,
t2≡a (mod 9),

t≡ε(s,ν,a) (mod 3),

t≡r( sν
(m,sν)

)
−1

(mod m
(m,sν)

)

µ2(t) −
∑
t≤ X

sν
:

(t,6dν)=1,
t2≡a (mod 9),

t≡−ε(s,ν,a) (mod 3),

t≡r( sν
(m,sν)

)
−1

(mod m
(m,sν)

)

µ2(t) ≪ dO(1)mO(1)X1/2+O(δ).

Summing this over s, ν ≤ Xδ and a ∈ (Z/9)×, we conclude that∑
n≤X:n≡r (mod m)

wd,n ≪ dO(1)mO(1)X1/2+O(δ) +X1−Ω(1),

as desired.

We may now prove Theorem 2.6.

Proof of Theorem 2.6. Let ε > 0. Let m ∈ Z+ and A ⊆ Z/m be such that 3 ∤ m and the symmetric
difference {n : n (mod m) ∈ A}∆Σ has density ≤ ε (we may use e.g. m :=

∏
p≤T,
p ̸=3

pT with T ≫Σ,ε 1).

Thus ∑
n∈Σ:n≤X

wd,n =
∑
r∈A

∑
n≤X:n≡r (mod m)

wd,n +OS(ε ·X).

We conclude by applying Theorem 6.4 and taking ε→ 0 sufficiently slowly with X.

7 Cubic twists having ranks 0 and 1

Fix a nonzero d ∈ Z, and let Ed,n : y
2 = x3 + dn2 be the corresponding cubic twist family of elliptic

curves, with n ∈ Z varying. Theorem 1.3 does not quite imply that a positive proportion of twists
Ed,n have 2-Selmer rank 0 (and hence Mordell–Weil rank 0); for example, it is consistent with
the possibility that asymptotically half of the curves Ed,n satisfy #Sel2(Ed,n) = 2 and half satisfy
#Sel2(Ed,n) = 4. This hypothetical distribution is also consistent with the fact that the parity of
dimF2 Sel2(Ed,n) is equidistributed in these families.

In this section, we apply the results on root numbers from the previous section and the p-parity
theorem to prove the existence of twists having ranks 0 and 1, respectively.

Theorem 7.1. Fix a nonzero integer d. Then the average size of the 2-Selmer group of those elliptic
curves in Ed,n having root number +1 (resp. −1) is 3.

Proof. This follows from Theorem 2.7, or rather, its more precise version Corollary 6.2, which
expresses the set of elliptic curves of root number +1 (resp. −1) as the union of acceptable families.
The average size of Sel2(Ed,n) is 3 on each such acceptable family. Using the uniformity estimate
Proposition 4.15, one shows as in [6, §6.4] that the average is still 3 when we average over the union
of all of these families as well.

Theorems 2.6 and 7.1 together give Theorem 1.4. We now prove the existence of many curves
in any cubic twist family Ed,n having 2-Selmer rank 0 and 2-Selmer rank 1.
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Theorem 7.2. Fix an integer d ̸= 0 and let Ed,n : y
2 = x3 + dn2 be the corresponding family of

cubic twists. The proportion of n such that Sel2(Ed,n) = 0 is at least 1/6, and the proportion of n
such that dimF2 Sel2(Ed,n) = 1 is at least 5/12.

Proof. For w ∈ {±1}, let Σ(w) be the set of integers n such that Ed,n has root number w. By the
p-parity Theorem [17], the parity of the F2-rank of Sel2(Ed,n) is constant on Σ(w) and is even if
and only if w = 1. If the parity is even, then at least 1

3 of m ∈ Σ(w) have F2-rank 0, as otherwise
the average size of Sel2(Ed,n) would be larger than 2

3 · 4 + 1
3 · 1 = 3. Similarly, if the parity is odd,

then at least 5
6 of m ∈ Σ(w) have F2-rank equal to 1, as otherwise the average size of Sel2(Ed,n)

would be larger than 1
6 · 8 + 5

6 · 2 = 3.

For any elliptic curve E/Q, if Sel2(E) = 0, then rkE(Q) = 0. This follows from the usual exact
sequence

0 → E(Q)/2E(Q) → Sel2(E) → X(E)[2] → 0.

It is conjectured that X(E)[2] has even F2-dimension; this is a consequence of the conjectural
finiteness of X(E) and properties of the Cassels-Tate pairing X(E)×X(E) → Q/Z. If this is the
case, and if E(Q)[2] = 0, we see that dimF2 Sel2(E) = 1 implies rkE(Q) = 1. Thus, the following
is a corollary of Theorem 7.2.

Corollary 7.3. At least 1/6 of the elliptic curves Ed,n have algebraic rank 0. If X(Ed,n) is finite
for 100% of n, then at least 5/12 of the elliptic curves Ed,n have algebraic rank 1.

We can prove an unconditional but weaker version of the second assertion of Corollary 7.3 in cer-
tain circumstances, using the p-converse theorem of Burungale and Skinner, which is Corollary A.2
of the Appendix. This result requires elliptic curves with good reduction at 2.

Remark 7.4. For a fixed d, there may not exist any cubic twists Ed,n with good reduction at 2.
By Tate’s algorithm, if dn2 is sixth-power-free, then Ed,n : y

2 = x3 + dn2 has good reduction at 2
if and only if there exists an odd integer D such that dn2 ≡ 16D2 (mod 64). It follows that there
exist n such that Ed,n has good reduction at 2 if and only if the 2-adic valuation v2(d) of d is even
and d = 2v2(d)D with D ≡ 1 (mod 4). In particular, if d = −432, then there are many cubic twists
with good reduction at 2.13

Theorem 7.5. Fix a nonzero integer d. Among the elliptic curves in the cubic twist family Ed,n

that have good reduction at 2 and root number −1, a proportion of at least 1/3 have rank 1.

Proof. By the remark, we may assume that Q(
√
d) is unramified at 2, otherwise there are no twists

of good reduction. Let αi(X) (resp. βi(X)) denote the proportion of curves in the family Ed,n with
|n| ≤ X having good reduction at 2 and root number −1 such that #Sel2(Ed,n) = 2i and such that
Sel2(Ed,n) maps trivially (resp. nontrivially) to E(Q2)/2E(Q2). Then we have already seen that
α1(X) + β1(X) ≥ 5/6. Since the average size of the 2-Selmer group in this family is 3, we have∑

i

2iαi(X) +
∑
i

2iβi(X) = 3 + oX→∞(1). (7.1)

Now, the elliptic curve Ed,n has complex multiplication by the field K = Q(
√
−3), and the prime

2 is inert in OK . It follows that Ed,n has supersingular reduction at 2 and hence Ed,n[2](Q2) = 0.14

Hence
#Ed,n(Q2)/2Ed,n(Q2) = 2#Ed,n[2](Q2) = 2,

13Indeed, the model E−432,n : x
3 + y3 = n visibly has good reduction at 2 when n is an odd integer.

14More directly: the polynomial x3 + dn2 has no roots over Q2 if dn2 ≡ 16D2 (mod 64) with D odd.
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by (5.3). If Ed,1 has good reduction at 2, and 2 | n but v2(n) ̸≡ 0 (mod 3), then Ed,n has bad
reduction at 2 since Q( 3

√
n) is ramified at 2. Thus, as Ed,n varies within the subfamily of good

reduction curves, all the curves are isomorphic over Q2 (using that Z×
2 = Z×3

2 ). By Theorem 5.4,
half of all nontrivial 2-Selmer elements in this family remain nontrivial over Q2. Thus

1

2

∑
i

2iβi(X) ≤ 1 + oX→∞(1). (7.2)

Subtracting twice (7.2) from (7.1), we conclude that∑
i

2iαi(X) ≤ 1 + oX→∞(1). (7.3)

In particular, 2α1(X) ≤ 1 + oX→∞(1). Therefore, α1(X) ≤ 1/2 + oX→∞(1) and so β1(X) ≥
1/3 + oX→∞(1). The elliptic curves whose density is given by β1(X) all have algebraic rank 1 by
Burungale and Skinner’s Corollary A.2 in the Appendix.

Proof of Theorems 1.1 and 1.2. When d = −432 = −24 · 33, the curve Ed,n has good reduction at 2
whenever n has 2-adic valuation that is a multiple of 3; this set has density 4/7 (among all integers,
and also among all cubefree integers). Imposing the root number −1 condition is again a density 1

2
condition by Theorem 2.6. Thus, Theorem 7.5 guarantees that at least 1

3 ·
4
7 ·

1
2 = 2

21 of cubic twists
E16,n have algebraic rank 1. Together with Corollary 7.3, this gives Theorem 1.1. The proof of
Theorem 1.2 is similar, using the fact that Ed,n has good reduction at 2 if and only if dn2 = 26k+4D
for integers D ≡ 1 (mod 4) and k ≥ 0.

Proof of Theorem 1.5. Since the average size of the 2-Selmer group across the curves Ed,n of positive
root number is 3, and for even integers r ≥ 0 we have the inequality

3

2
r + 1 ≤ 2r,

it follows that

avgn rk(Ed,n) ≤ avgn
2

3
(2dimF2 Sel2(Ed,n) − 1) = avgn

2

3
(#Sel2(Ed,n)− 1) =

2

3
(3− 1) =

4

3

across the curves Ed,n having root number +1; here we have used the fact that, by the p-parity
theorem, curves with root number +1 have even 2-Selmer rank.

Similarly, since the average size of the 2-Selmer group across the curves Ed,n of negative root
number is 3, and for odd integers r ≥ 0 we have the inequality

3r − 1 ≤ 2r,

it follows that

avgn rk(Ed,n) ≤ avgn
1

3
(2dimF2 Sel2(Ed,n) + 1) ≤ avgn

1

3
(#Sel2(Ed,n) + 1) =

1

3
(3 + 1) =

4

3

across the curves Ed,n having root number −1; here we have used the fact that curves −1 have odd
2-Selmer rank. Thus, across all curves Ed,n, the average rank is bounded above by 4/3.

For the lower bound, we simply observe that when the 2-adic valuation of d is even, then at
least 1

212
r−1 of the curves in the family Ed,n have rank 1.
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8 A higher-dimensional example: cubic twists of Prym surfaces

We give examples of cubic twist families of geometrically simple abelian surfaces. We then combine
Theorem 5.3 with Pantazis’ bigonal construction to prove Theorem 1.13.

In the proof of Theorem 3.8, we observed that if (A,L) is an abelian variety with µ3-action,
then there is an elliptic curve E and an isomorphism η : A[λ] ≃ E[2] such that the abelian variety
B = (A×E)/Γη is principally polarized. If A is an abelian surface, then B is a principally polarized
abelian threefold. Since the Torelli map M3 → A3 is birational, we might hope to realize B as
a Jacobian of a curve C. To find such curves, it is natural to insist that the curve itself has an
automorphism of order 3 and is bielliptic.

This leads us to consider plane quartic curves over Q with affine model C : y3 = x4 + ax2 + b,
for some a, b ∈ Q. We suppose that b(a2 − 4b) ̸= 0, so that C is smooth. Such a curve admits a
µ3-action over Q, generated by the order 3 automorphism (x, y) 7→ (x, ζ3y). We consider the cubic
twist family

Cn : ny
3 = x4 + ax2 + b.

Another model for Cn is y3 = x4 + an4x2 + bn8.
Note the double cover π : C → E to the elliptic curve E : y3 = x2 + ax + b. The evident

automorphism of order 3 means E has j-invariant 0, and indeed the short Weierstrass model for E
is y2 = x3+16(a2−4b). More generally, the curve Cn is a double cover of En : y

2 = x3+16m2(a2−4b),
and the latter is a cubic twist family of elliptic curves Ed,n, with d = 16(a2 − 4b) in our notation.

The involution generating Aut(C/E) is τ(x, y) = (−x, y), so π is ramified at the three points
where x = 0 and the unique point ∞ at infinity. Let J = Jac(C) and let A := ker(J → E).

Lemma 8.1. The map π∗ : Pic0(E) → Pic0(C) ≃ J is injective and A is an abelian variety.

Proof. The kernel of π∗ is 2-torsion, and it is nontrivial if and only if π is unramified. Since π is
ramified, the map π∗ is injective, and it follows by duality that the kernel of π∗ : J → E is connected
and hence an abelian variety.

The abelian surface A is an example of a Prym variety. It may alternatively be described as
the subgroup of degree zero divisor classes in J on which τ acts as −1. For generic parameters
a, b ∈ Q, the surface A is absolutely simple, so there is no obvious way to reduce the study of the
Mordell-Weil group A(Q) to rational points on elliptic curves.

By the Lemma, we may view E ≃ Pic0(E) inside J , and it follows immediately that E∩A = E[2].
This subgroup plays a role in the geometry of A, as we explain. First, let the theta divisor θ ∈ Div(J)
be the image of the map C(2) → J sending an effective divisor D of degree two to D − 2∞. The
line bundle OJ(θ) determines a principal polarization on J , and its restriction to A is an ample line
bundle which we denote LA. The corresponding polarization λ : A→ Â has degree 4 and its kernel
is precisely E[2] ⊂ A; for more details on Prym varieties, see [31].

The order 3 automorphism on J preserves A and preserves the theta divisor θ as well. It follows
that (A,LA) is a polarized abelian surface with µ3-action. In particular, the abelian variety A has
cubic twists, which are simply the Prym varieties An attached to the curves Cn. Let Ln be the line
bundle on An giving the degree 4 polarization An → Ân described above.

Corollary 8.2. We have avgn#Selλ(An) = 3 and avgn dimF2 Selλ(An) ≤ 1.5.

Proof. This follows from Theorem 5.3, once we observe that dimQH
0(A,LA) =

√
deg(λ) = 2.
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Next, we leverage our understanding of the Selmer groups Selλn(An) to deduce information
about the Sel2(An), and hence the ranks of An(Q). Let λ̃n : Ân → An be the isogeny (over Q) such
that λ̃n ◦ λn = [2]. Beware that λ̃n is not the dual of λn, as λn is self-dual whereas Am is generally
not. To study λ̃n we use a beautiful special case of Pantazis’ bigonal construction:

Proposition 8.3. Recall d = 16(a2 − 4b). The surface Â is the Prym attached to the genus three
curve Ĉ : y3 = x4 + 8ax2 + d. Moreover, the map λ̃ : Â→ A is the natural polarization on Â.

Proof. This is a special case of [28, Thm. 3.14].

We may now prove Theorem 1.13.

Proof of Theorem 1.13. The average F2-rank of Selλ(An) is at most 1.5 by Corollary 8.2. By Propo-
sition 8.3 and Corollary 8.2, the average F2-rank of Sel

λ̃
(Ân) is also at most 1.5. Since λ̃ ◦ λ = [2],

it follows that the average F2-dimension of Sel2(An) is at most 1.5+1.5 = 3, and hence the average
rank of An is at most 3.

9 The average size of the 3-Selmer group in a cubic twist family is
infinite

Proof of Theorem 1.10. Since d is fixed, we write En = Ed,n, and let E′
n = E−3d,3n. There is a

3-isogeny φn : En → E′
n, whose base change to Q(

√
−3) becomes multiplication by

√
−3 [6]. The

kernel of the natural map Selφn(En) → Sel3(En) is E′
n[φ̂n](Q)/φ(En[3](Q)), whose size is at most 3.

Thus it suffices to show that the average size of Selφn(En) is unbounded as n→ ∞.
Combining the Greenberg–Wiles formula [34, 8.7.9] and [40, Prop. 3.1], we have

#Selφn(En) ≫d c(E
′
n)/c(En),

where c(E) =
∏

p cp(E) is the product of all the Tamagawa numbers of E. The ratios

cp(E
′
n)/cp(En)

are uniformly bounded (from above and below), independent of both m and p (and even d). This is
a general fact about ℓ-isogenies of abelian varieties of a given dimension, but it follows easily from
Tate’s algorithm in this case, especially since E has everywhere potentially good reduction. Thus,
we can safely ignore finitely many primes, and we have

#Selφn(En) ≫d

∏
p>3d

cp(E
′
n)

cp(En)
.

Let χ =
(
d
·
)

be the quadratic character cutting out the field Q(
√
d). For p > 3d, we have [6,

Prop. 34]:
cp(E

′
n)

cp(En)
=

{
3−χ(n) if p ≡ 2 (mod 3) and p | n,
1 otherwise.

Now let α(n) (resp. β(n)) be the number of primes p ≡ 2 (mod 3) dividing n such that χ(n) = −1
(resp. χ(n) = 1). Then

#Selφn(En) ≫d 3α(n)−β(n). (9.1)

To estimate the sum
∑

n<X #Selφn(En), we use the following result of Selberg–Delange type.
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Theorem 9.1 ([18, Prop. 4]). Let f be a multiplicative real valued function on the natural numbers.
Suppose that there exist constants u and v such that 0 ≤ f(pr) ≤ urv for all primes p and all positive
integers r. Suppose also that there exist real numbers ξ > 0 and 0 < β < 1 such that∑

p<X

f(p) = ξ · X

logX
+O

(
X

(logX)1+β

)
as X → ∞. Then there is an explicit constant Cf such that∑

n≤X

f(n) = Cf ·X(logX)ξ−1 +Of

(
X(logX)ξ−1−β

)
as X → ∞.

To apply Theorem 9.1, first consider the case that −3d is not a square. Then half of primes are
congruent to 2 (mod 3) and among those, half of them satisfy χ(m) = 1. Thus∑

p≤X

3α(p)−β(p) =

(
1

2
+ 3 · 1

4
+

1

3
· 1
4

)
X (logX)−1 +O

(
X (logX)−2 )

=
4

3
·X(logX)−1 +O

(
X(logX)−2

)
.

It then follows from (9.1) and Theorem 9.1 that there is an explicit constant Cd ∈ R+ such that∑
n<X

#Selφn(En) ≫d

∑
n<X

3α(n)−β(n) = (Cd + o(1)) ·X (logX)1/3 ,

which proves Theorem 1.10 in this case. If −3d is a square, then a similar argument shows that∑
n<X

#Selφn(En) ≫d (1 + o(1)) ·X logX,

which completes the proof.

Remark 9.2. There is a single cubic twist family which is not covered by Theorems 1.10, namely,
E1,n : y

2 = x3 + n2. In this case, we suspect that the average size of Selφn(En) is bounded.

Remark 9.3. It seems likely that our lower bound is close to sharp. That is, aside from the two
exceptional cubic twist families E1,n and E−3,n, we expect that the main term will be on the order
of X(logX)1/3.
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A A p-converse theorem for CM elliptic curves
(by Ashay Burungale and Christopher Skinner)

In this appendix we explain a proof of:

Theorem A.1. Let E be a CM elliptic curve over Q and let p be a prime of supersingular reduction
for E. If

(a) corankZpSelp∞(E) = 1 and

(b) the localisation map Selp∞(E)
∼→ E(Qp)⊗Zp Qp/Zp is surjective,

then
ords=1L(E, s) = 1 = rankZE(Q).

As a consequence we deduce:

Corollary A.2. Let E be a CM elliptic curve over Q and let p be a prime of supersingular reduction
for E. If

(a) Selp(E) ≃ Z/pZ and

(b) the localisation map Selp(E) → E(Qp)/pE(Qp) is nonzero,

then ords=1L(E, s) = 1 = rankZE(Q).

In the case of good ordinary reduction we actually have a stronger result:

Theorem A.3. Let E be a CM elliptic curve over Q and let p be a prime of good ordinary reduction
for E. Then

corankZpSelp∞(E) = 1 =⇒ ords=1L(E, s) = 1 = rankZE(Q).

This theorem follows immediately from the main results of [5], [2], and [13].
As a consequence of Theorem A.3 we have:

Corollary A.4. Let E be a CM elliptic curve over Q and let p be a prime of good ordinary reduction
for E. If Selp(E)/im(E[p](Q)) ≃ Z/pZ, then ords=1L(E, s) = 1 = rankZE(Q).

In the above corollary, im(E[p](Q)) is the image of E[p](Q) under the Kummer map.
Before embarking on the proof of Theorem A.1, we make a few remarks about these results.

Remark A.5.

(i) We emphasize that all these results allow for p = 2. This is, of course, crucial for the
application of Corollary A.2 in the main body of this paper.

(ii) In both the theorems and corollaries the finiteness of X(E) (that is, #X(E) < ∞) can be
added to the final conclusion.

(iii) Theorem A.1 is the culmination of a number of prior results, especially [10], [3], and [5].

(iv) A similar converse for non-CM curves was proved in [12], with similar application (cf. [1]).
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A.1 Proof of Theorem A.1

The proof of Theorem A.1 ties together a number of results on the Iwasawa theory of elliptic curves,
especially curves with CM, which we now recall.

A.1.1 Kato’s main conjecture

Let E be an elliptic curve over Q. For a prime p, let T denote the p-adic Tate module of E and
V = T ⊗Zp Qp.

Let Q∞ be the cyclotomic Zp-extension of Q, Γ = Gal(Q∞/Q) and Λ = Zp[[Γ]]. Fix a topological
generator γ ∈ Γ. For a finitely-generated Λ- or Λ⊗ZpQp-moduleM let ξ(M) denote its characteristic
ideal (which should be clear from context).

Let Sst(E) ⊂ H1(Z[1p ], T ⊗Zp Λ∗) be the strict Selmer group of E over Q∞ (the subgroup of
classes that are trivial at p). Here Λ∗ is the Pontryagin dual of Λ with GQ-acting by the inverse
of the canonical character GQ ↠ Γ ⊂ Λ×. Let Xst(E) be the Pontryagin dual of Sst(E). It is one
of the main results of Kato [7, Thm. 12.4] that Xst(E) (in the guise of H2(Z[1p ], T ⊗Zp Λ)) is a
finitely-generated torsion Λ-module. Let zE ∈ H1(Z[1p ], T ⊗Zp Λ)⊗Zp Qp denote the Beilinson–Kato
element [7] and let zE ∈ H1(Q, V ) be its image under the specialisation γ 7→ 1. The following
special case of [7, Conj. 12.10] is proved in [6]:

Theorem A.6. Let E be a CM elliptic curve over Q and p any prime. Then

ξ((H1(Z[1p ], T ⊗Zp Λ)⊗Zp Qp)/(Λ⊗Qp) · zE) = ξ(Xst(E)⊗Zp Qp).

Remark A.7. For primes of ordinary reduction the same result is due to Kato and Rubin, at least
if p ∤ #O×

K .

A.1.2 Perrin-Riou’s Conjecture

Let E be an elliptic curve over Q and p a prime. Let H1
f (Qp, V ) ⊂ H1(Qp, V ) denote the subgroup

arising from the Kummer image of E(Qp). By Kato’s explicit reciprocity law [7, Thm. 12.5],

locp(zE) ∈ H1
f (Qp, V ) ⇐⇒ L(E, 1) = 0.

If L(E, 1) = 0, then Perrin-Riou [9] conjectured zE to be closely linked with the arithmetic of E.
The following theorem, proved in [3] and [8], is evidence for this in the supersingular case:

Theorem A.8. Let E be an elliptic curve over Q and p a prime of supersingular reduction. If
L(E, 1) = 0, then there exist P ∈ E(Q) and cP ∈ Q× with the following properties.

(a) We have

log(locp(zE)) = cP

(
p+ 1− ap(E)

p

)
· log(P )2

for log : H1
f (Qp, V ) → Qp the logarithm map associated to the Néron differential.

(b) The point P is non-torsion if and only if ords=1L(E, s) = 1.

Remark A.9. For p a prime of good ordinary reduction the same result is known (cf. [4] for
p ≥ 5 and even for p ≥ 3 under an assumption that the conductor of E is suitably minimal at all
primes ramified in the CM field—a condition that can be relaxed). This allows for a uniform proof
of Theorem A.1 for all primes of good reduction. Of course, the stronger result Theorem A.3 is
known, but the existing proofs run along different lines than our proof of Theorem A.1.
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A.1.3 Putting the pieces together

Let E be as in Theorem A.1. Let Selst(E) ⊂ Selp∞(E) be the strict Selmer group, consisting of
those classes that vanish under locp. By the assumption, Selst(E) is finite. The same is then true
of Xst(E)/(γ − 1)Xst(E) (which naturally surjects onto the Pontryagin dual of Selst(E) with finite
kernel). Kato proved that H1(Z[1p ], T ⊗Zp Λ) ⊗Zp Qp is a free Λ ⊗Zp Qp-module of rank one [7,
Thm. 12.4]. So it follows from Theorem A.6 and the finiteness of Xst(E)/(γ − 1)Xst(E) that

0 ̸= zE ∈ H1(Q, V ).

Since Selst(E) is finite, it further follows that

0 ̸= locp(zE) ∈ H1(Qp, V ).

The hypothesis that corankZpSelp∞(E) = 1 implies that L(E, 1) = 0 (this just follows from the
Gross–Zagier and Kolyvagin theorem or from the parity conjecture). It then follows from Theo-
rem A.8 that rankZE(Q) ≥ 1 and ords=1L(E, s) = 1. That rankZE(Q) = 1 now follows from
corankZpSelp∞(E) = 1. This completes the proof of Theorem A.1.

We now briefly explain how Corollary A.2 follows from Theorem A.1. We first note that since
E has good supersingular reduction at p, E[p](Qp) = 0 by [11, Prop. 12(d)]. Hence E[p](Q) = 0.
The Cassels–Tate pairing implies that Selp∞(E) ∼= (Qp/Zp)

r ⊕M ⊕M , for some integer r ≥ 0 and
some finitely-generated torsion Zp-module M . As Selp(E)/im(E[p](Q)) = Selp∞(E)[p], condition
(a) of the corollary then implies that Selp∞(E) ∼= Qp/Zp, so condition (a) of the theorem holds. As
E(Qp) ⊗Zp Qp/Zp

∼= Qp/Zp and the natural map E(Qp)/pE(Qp) ↠ (E(Qp) ⊗Zp Qp/Zp)[p] is an
isomorphism (since E[p](Qp) = 0), condition (b) of the corollary then implies condition (b) of the
theorem.
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